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The problem (again)

We consider the unconstrained nonlinear programming problem:
minimize f(x)
for x € R" and f : R” — R smooth.

For now, focus on the

unconstrained case

We consider algorithms
@ that use derivatives for the step computation

@ rely on function evaluations for the step size control

Ph. Toint (naXys, UNamur) HK 2021 2 /33



Main idea behind AR algorithms (Griewank)

Suppose f is p times continuously differentiable. We define
Tr p(x,5) é +Z EIVE (x)[s]".
By standard calculus, f(x +s) =

Tr p(x s)+1/1(1—§)”1 (VEf(x 4 &s) — VRF(x)) [s]P d€
SRR R " ) |

If VEf(x) is is globally Lipschitz continuous in the || - ||, norm,
IVEF(X) = VEFW)llrp < Lrpllx —yll- forall x,y € R

flx+5) < Trplxs) + gyl ™
m(s)

‘ = reducing m from s = 0 improves f(x) ‘
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Approximate model minimization (1)

Lipschitz constant is not known: use an adaptative model

Ok p+1

def
mi(s) = Trp(xk,s) + m”sﬂz

@ In the case of a norm which is differentiable (except at the origin), we
usually require strict decrease and approximate first order stationarity

Ok
| Vs Tr (ks s6) + FllskaVillSkllz ll2 < Kstopllskll5

@ This condition is satisfied in the neighborhood of regularized model
critical points

© Fro example, Krylov subspace methods can be used to provide steps

© The regularization parameter oy is adapted using the predicted versus
achieved decrease principle
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The algorithm

Algorithm 0.1: First-Order Adaptive Regularization

Step 0: Initialization: xg € R", 09 and set k =0
Step 1: Termination if || V1f(xk)|l;1 < e1.
Step 2: Step calculation: Compute a step s, such that

my(sk) < m(0) and

o
| V& T p(xk: k) + HHSkHSViHSkHz 2 < Kstopllsll5

£ (i) —f (xk+s¢)

Step 3: Step acceptance: Compute px = Tr (% 0= Tr p050) and set
Xer1 = { Xk + sk if pk 2_772
X otherwise
Step 4: Regularization parameter update.
[max(omin: 110%): 0] if pk =2
Ok+1 € q [ok: 7204] if pi € [m,n2)

[v20k, v30k] if pe<m
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Convergence to first order critical points (1)

‘HOW many function evaluations and iterations to reach ||V f(xk)|2 < €17 ‘

On has the upper-bound : o4 < omax def 3 max [00, (lL_f—;z)} .

Simple model decrease yields:

def
A-’_f,p(xkask) = Tf,p(XkaO) - Tf,p(Xk75) 2 (p+1 I”SkaH-
Assume now that o > Lf /(1 — 12). From

D!F Ok + sk) = Trp(o 5| _ Lep

lpk — 1] < o+

okl|skl5H! Tk

we get pix > 12 and thus oxy1 < ok.
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Convergence to first order critical points (1)

At a successsful step k before termination,

|
IsPll2 2 et poms: €1

e < [[VEf(xis1)l2
< IVEF(xks1) — VETr p(xk, sk) |2+

IV T (o 56) + Z sl skl + %Hskﬂzp

Lr
< SPlIsklE + mstopllsklls + S llsll5-
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Convergence to first order critical points (V)

_ptl
IVf(xk)|l2 < e1 in at most Wel P successsful iterations.
_ptl

This yields the O(e; T) complexity result.

F0) = flow = F(x0) = F(¥ir1) 2 Ljes, (i) — Flxiv1)
1
> mYies, ﬁ”skll’rﬂr
pt1
MOmin_ [ Lfp + KstopP! + Tmax | ? %1
> rskl(pﬂ)!( o €
Moreover,

| 1
k < |Sk| <1+ ’ Og71’> + |og (Umax> ‘
log 2 log 2 o0
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However...

Importantly the abstract space R" is often multivariate in practical
applications. The vector x € R" may contain

@ quantities of different physical nature (temperature, pressure)

@ quantites of different mathematical nature (a Gaussian is represented
by mean and covariance)

@ use of norm equivalence induces oversolving (Minimum surface and
Sobolev norm)

The problem may be a discretization of a continuous problem.

‘ Using appropriate norms || e ||, in our algorithms is a must ‘

‘ = Adapt regularization algorithms to this requirement ‘
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One may then wonder. ..

Is it possible to derive regularization algorithms in which the
regularization term involves a nondifferentiable norm to get
first- or second-order critical points???

What do we mean by critical points of order larger than 1 777

Can we design a regularization method that would be adapted
to infinite dimension problems 777

Not an obvious question!
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Approximate model minimization (1)

Lipschitz constant is not known: use an adaptive model

Ok

p+1

def
mi(s) = Trp(xk, ) + s

© For a differentiable norm (except at the origin), we usually require
strict decrease and approximate first order stationarity
viT 9k LA < p
I Vs Trp(xk, sk) + ol Iskl1? Vsllsellr [Ir1 < Astopllsllf
@ For nonsmooth norms, Clarke stationarity writes

3 eR", ViTrp(xk, sp) = *FHSka §

© The quantity £ is a dual vector of s;:
si' €= lIskll ll€lrn and [1€]lr0 =1
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Approximate model minimization (II)

Regularized quadratic  1s's+s'g+ 22s|3

Stationnarity:

o s+g=—b||s/|%.¢, where
o sT¢=|Islloliéllz and fig]ls =1

— it seems reasonnable to request for some 6; > 1

Ok
IVETe (x5 llra < 91;||5H‘r’

Ph. Toint (naXys, UNamur) HK 2021 13 /33



The algorithm

Algorithm 0.2: First-Order Adaptive Regularization with General
Norm (AR1pGN)

Step 0: Initialization: xg € R”, g9, 81 > 1 and set k = 0.
Step 1: Termination if || V1f(xk)
Step 2: Step calculation: Compute a step s, such that

mi(sk) < mic(0) and [V Tr p0x, sic)l 1 < 0155 [ skll?
f (k) — f (xu+5k)

r1 < €1.

Step 3: Step acceptance: Compute px = Tr (% 0= Tr p0050) and set
N1 = { Xt sk i ez
X otherwise
Step 4: Regularization parameter update.
[max(omin, 710k), k] if px > m2
Okt1 €% [0k, 1204] if pk € [m1,1m2)

[V20k, 130k] if pk<m
Step 5: Next iteration Increment k by one and go to Step 1
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Convergence to first order critical points (1)

How many function evaluations and iterations to reach ||V f(xk)/,1 < €17?

On has the upper-bound : oy < omax def Y3 max [ao, (1L_f—7‘7’2)} .

Simple model decrease yields:

def o
ATrp(xk,56) E Trp(xc,0) = Trplxks 8) = Gy llswll? ™
Assume now that o > Lf /(1 — 12). From

(P + 1)!|f(Xk + Sk) — Tf’p(Xk,Sk)| < Lf’p

lpk — 1] <

okl skllP T T ok

we get px > 12 and thus ok < ok.
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Convergence to first order critical points (1)

At a successsful step k before termination,
>__ P
Hsk”r - Lf p+01¢7max e

e < [VEF(xks1)llra

IVf (1) = Vi Trp(ks 5l + 11V Trp(xis sl

IN

L
”’IISkII" + 015 sl
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Convergence to first order critical points (V)

il
V£ (xk)|lr,1 < €inat most f(XO) flo)=f

p+l

This yields the O(e; ? ) complexity result.

successsful iterations.

() = fiow 2 Fx0) = Floxic1) = Ve, F00) = F(xis0)

+1
> UlZ;eSk p+1|||5k||p

Pl pt1
|S | 7110 min Lf,p+010'max P € P
kI {p+1)! ol 1
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The model is not (2nd order) differentiable, but..

Q Let p=2and ¢(s) = fo+(g,s) + L(Hs,s) be a quadratic polynomial
inseR"

@ Let s, be a global minimizer of m(s) = ¢(s) + Lo|s||> and define
A[H] = miny,o <ﬂ’vv|v|;>.

@ Let A\, and v, satisfy |[ua]l, =1, A, def (Hug, uy)

and <)\ae [A,[H],TA,[H] if A\ [H] <0),
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A descent lemma

Let m(s) = fo + (g,s) + }(Hs,s) + o||s|> Consider s # 0 and let A, and
Us.
@ Choose the sign of u, to ensure that (g + Hs, u,) < 0 and assume
that A\, + o||s||, < 0.

@ Then there exists an o > 0 such that

3(A; + r 3
m(s)—m(s+a||s|| us) > (Q%ZHSH) [zﬁ(s)aﬂ\s“f — Z()\a + aHsH,)2 ,
where ( b >
def g+ Hs, u,
Lo 1 48T la)
o) max 0.1.+-28 L
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The model is not (2nd order) differentiable, but..

If s, is a minimizer of the regularized polynomial,

Aa +w(se)ols|l- = 0,

where

24/1(s) 2 def :
w(s)dﬁf 1+ <14 % if s#0,
1

otherwise

Suppose A, + o||s«||r < 0. The descent lemma shows that
3
U(s)o?[ls? > (s +alls)*

which implies

V(si)olslr > \/E
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The 2nd order algorithm (p=2)

Algorithm 0.3: First-Order Adaptive Regularization with General
Norm (AR1pGN)

Step 0: Initialization: xg € R", 09 and set k =0

Step 1: Termination Compute X\, x and u, x approx. curvature of Hj.
Terminate if ||gkllr1 < e and Ak > —Ten.

Step 2: Step calculation: Compute a step s, such that
mi(sk) < m(0), [[V3 Tr p(xks sk)llr1 < 015 Is[I7, and

/\a,k + ezw*(sk)dkHSkHr > 0.

f (k) —f (X +5k)
Tt p(xk,0)— T p(xk,5k
 xk+se if pe>mp
Xk+1 = :
X otherwise

Step 3: Step acceptance: Compute px =

y and set

Step 4: Regularization parameter update. As before
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Convergence to “second-order” critical points for p=2 (1)

Let k € S. Suppose A, k11 < —Tez. Then

T

IIskllr > T €.

f2+ 7'_192’€w0'max

)\a k41 > A [Hk+1] = ‘m‘ln [<Hk+1d d> <de, d> + <de, d>]

l[d]l-=1

> min [(Hi1d,d) = (Hed, )] + min (i, d)

> —||Hi41 — Heillr2 + Ar[Hi]
> —||Hi1 — Hicllr2 + 7 ok
> — (Leao|Iskllr + 7 02ws(se) ok skl )
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Convergence to “second” order critical points (p=2)

Then the AR2GN algorithm requires at most

(HAR26N> f(x0) — fiow

iterations
710 min min [ 3/2 2]

to reach a point where

le(x)llr1 < e and N[H(x)] > —e2.

At a successful step, k before termination,

21
Isll? > 7 0 and lisellr > m

with the decrease my(0) — m(sk) > %t |Isk||? implies the result.

€2, which together
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@ Global convergence or AR algorithms for any “regularization” norm

@ Relies on approximate minimum of the model:

o
mi(6) < mi(0), 15 Tr p(xic i)l 1 < b1 57 7.

and
)\a,k + sz*(sk)o—kHskH, > 0.

‘ How to compute such a step in practice?

Define 8k = Vi Tf,p(Xk, Sk).
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A descent algorithm for general norms

o We consider m(s) = fo + (g,s) + 1(Hs,s) + Lo]|s|]3,

@ and want to minimize “enough” m to get s,such that
g
m(se) < m(0),  llg + Hsillr1 < 01 [lskl?,

and
Aak + Oawi(sk)okllskl[ > 0.

Remember

lwlly =1, A% (Hua, up)  and (Aae [Ar[H],m,[H] if A [H] <o)
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Step computation. Reduction step

Let sy € R" such that m(sx) < m(0) and

lgkllrx > 1ollskl?-

Then

2 3
|llgkllra — 3ollsell?]”  |llgxll-a — 3olisell? |

C H
m(sg)—m(s, ) > L min ) >
( k) ( k) 2 1+%(HHH,«72+O’”S/(HI‘) 16\/5

where gx = g + Hsy and

s¢ = sg+afde, with d = argmin(gg, v) and of = arg min m(sc+ody).
Ivil-=1 a>0
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Step computation. Retraction step

Let sy € R" such that m(sx) < m(0) and

Igkllr1 < 1o|skll?.

Then

2 3
lgkllra — 2ollsell2]”  |llgkllr: — Lollskll?]?
L+3(IHlr2 +allskllr)’ 16\/c ’

m(sg)—m(sf) > L min

where g = g + Hsi and

S,’S =(1- af)sk with a,"f = arg>n(1)in m(sx — asy).
(0%
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Step computation. Curvature step.

Suppose that A, < 0 where A, and u, as before.
For kK > 0, define sf = s + a,’f_uk, where

Uy = —sign((gk, u‘-,>)ua and af = arg min m(sx + auy).
a>0

At any iteration k > 1 such that \; + w.(sk)o|[sk|[, < O, one has that

9lIskll?

3
= Aa + ow(sk)l|skll-| > 0.

m(sk) — m(s) =

Remains to find bounds for ||s||,.
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BN
Suppose that, for some s, and some 5 > 0, m(sp) — m(sx) > 5.

[Iskll- <

HIHIlrz + \/IHI2, + 3ollellra o
%0’ = Ks,upp»
VIlgl2s + 2807 M1 - llgl)-
. if A\/[H] <O
A o]
otherwise.
Tl

From

Lollsel? < g, sl + 3(Hse, sl < llglealisell- + 21Hlr2llsk]17,

and

—lgllr.1lIskll-+3 min [0, A [H]] lIsklI? < (g, sk)+ 3 (Hsk, s) < m(sx)—m(0)

Ph. Toint (naXys, UNamur)

HK 2021 29 /33



Algorithm 0.4: An algorithm for minimization of a regularized
quadratic (RQMIN)

Step 0: Initialization If unavailable, compute A, and u,. Set kK =0,
so=0and g =g.
Step 1: Check for termination. Terminate if
|llgkllry = 3ollskll?| < ex and Xy +w(sk)ollsk]l, > 0.
Step 2: Negative gradient step. If ||g|/r1 > 10| sk||?, compute s° and
mg1 = m(skc) :
Step 3: Retraction step. If ||gk|l,1 < 1o||sk||?, compute s° and
mgi1 = m(sk )
Step 4: Eigenvalue step. If Ay + w(sk)o||skllr < —€20]|sk|r, compute
sf and my, = m(sf). Else, set my > = m(s).
c -
Step 5: Move. Set sxy1 = { zzg Icfther\;\:/Lisi Mk.2;
8k+1 = 8k + H(skt1 — k).
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Complexity of ramiN.

Given 61 > 1 and 0, > 1, there exist a constant krqmini > O independent
of k such that the RQMIN algorithm requires at most

KRQMIN1 Max [(91 ~ 1) (01— 1)7F, (6, - 1)
iterations to produce an iterate s, such that

mg(sk) < mg(0)

Ok
IVETep (x5 llra < 91?“Sll’r’

Aak = —Oow.(Sk)ok|skllr
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Conclusions and perspectives

Summary:

@ Optimizing function in their“natural” norm to avoid oversolving

@ General norm adaptive regularization yields simple convergence
theory, and similar complexity results as for the Euclidean norm

o First order and “eigen” algorithms can be defined to compute the step
Perspectives:

@ Banach spaces
@ Probabilistic error specification

@ Numerical results

Thank your for your attention!

Ph. Toint (naXys, UNamur) HK 2021 32/33



References

@ S. Gratton, Ph. L. Toint,
Adaptive Regularization Minimization Algorithms with Non-Smooth
Norms and Euclidean Curvature,
arXiv:2105.07765

@ S. Gratton, S. Jerad, Ph. L. Toint,
Holder Gradient Descent and Adaptive Regularization Methods in
Banach Spaces for First-Order Points,
arXiv:2104.02564

@ S. Gratton, E. Simon, Ph. L. Toint,
Minimization of nonsmooth nonconvex functions using inexact
evaluations and its worst-case complexity,
Mathematical Programming, vol. 87(1-2), pp. 1-24, 2020.

Ph. Toint (naXys, UNamur) HK 2021 33 /33



