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Data assimilation problems

Motivation: data assimilation for weather forecasting

(Attempt to) predict. ..
@ tomorrow's weather

@ the ocean’s average temperature
next month

o future gravity field

o future currents in the ionosphere
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Data assimilation problems

Data assimilation for weather forecasting (2)

Data: temperature, wind, pressure, .. .everywhere and at all times!

May involve up to 1,000,000,000 variables!
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Data assimilation problems

Data assimilation for weather forecasting (3)

The principle:

e Known situation 2.5 days ago
I and background prediction

temp. vs. days
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Data assimilation problems

Data assimilation for weather forecasting (3)

The principle:

lMinimize deviation between model and past observations

e Known situation 2.5 days ago

and background prediction
e Record temperature for the past 2.5 days
e Run the model to minimize difference

| between model and observations

temp. vs. days

N
.1 L
n)1<(|)n §HX0 — XbH2B—1 + 5 ; | HM(ti, x0) — biH2i_1.
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Data assimilation problems

Data assimilation for weather forecasting (3)

The principle:

lMinimize deviation between model and past observations

e Known situation 2.5 days ago
and background prediction
e Record temperature for the past 2.5 days
e Run the model to minimize difference
| between model and observations
e Predict temperature for the next day

temp. vs. days

Philippe Toint (Namur) July 2013 4 /30



Data assimilation problems

Data assimilation for weather forecasting (4)

Analysis of the ocean’s heat content: CERFACS (2009)

HEAT CONTENT ANOMALIES 1960-2005
Global mean (80S—80N)

[ ——— CERFACS 3D-Var (Unperturbed)
——— CONTROL (No Assim)
—— Ensemble Members

Heat Content (J/m*2)
o
o

15 | . n |
1960.0 1970.0 1980.0 1990.0 2000.0 2010.0
Years

| Much better fit! |
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Data assimilation problems

Data assimilation problem: reformulations (1)

initial formulation:

N
. 1 2 1 2
min 5llxo = xpllg-1 + 5 ; IHM(ti, x0) — yill g-1-

linearize, concatenate successive times and define xg = x5 + s:

min (xs +5s —xp) " B Y (xs + 5 — xp) + L(Hs — d) T R™}(Hs — d)
X0

write optimality conditions, using ¢ = xp — Xs:

(B'+H'R'H)s=H"d+ B 'c
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Data assimilation problems

Data assimilation problem: reformulations (2)

</ + BY/2HT R-1/2 R—1/2H81/2) , — BY2HT R—1/2 p-1/24 4+ B1/2¢
~~ —

KT K KT

or

(/ + HTR1 HB*l) z=HTR1d+Blc
—— —— ——
KT L KT

use CG with reorthogonalization
(on problems where n ~ 100, 000). ..
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Krylov iterative methods
The formal problem

Assume we now wish to solve

(vl + KTL)s = b

where v # 0

Note: We do not assume full-rank of K or L
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Krylov iterative methods
The problem'’s sizes

But

’Y/n + =

L \ , J

n ~|1,000,000,000 |!!! m = 100, 000

| Wish to work in R”1]
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Krylov iterative methods
The standard GMRES for unsymmetric systems Ax = b

Based on the sequence of nested Krylov spaces:

Kk(A, b) = span(b, Ab, ..., Ak"1p)

At iteration k,
@ build an orthonormal basis of Kx(A, b)
@ “solve” the problem in ICx(A, b) using this basis
@ check for convergence?

+ get the solution in R"

“solve” may be:

@ minimize the residual of the restricted problem = | GMRES
@ solve a (small) system of linear equations =
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Krylov iterative methods

GMRES for Ax = b (2)

How to do that?
using Kx_1(A, b) C K(A, b), incrementally build the basis of the
span of

Vi = [V]_, Vo, .oy VK1, Vk] with VkTVk =

by
e computing Av,_1 (to create a new dimension)
o projecting this vector on /Ci_1(A, b)" and normalizing the result

A Vi | = \Visa|| Hk
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Krylov iterative methods

GMRES for Ax = b (3)

How to do that?
Reduce the problem to KCx(A, b) (i.e. xx € Kk(A, b))

| AViyk — bl = [|Vig1Hkyk — BVigel|l = || Heye — Ber ||
—_— —_——
size n size k
Then solve
miny ||Hky - ﬁel|| — Yk or SOIVey HEI)/ = fer — Yk
” Hk|_|H or HkD|:|
(minimum residual) (Galerkin)

(negligeable cost. . .)
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Krylov iterative methods

GMRES for Ax = b (4)

How to do that?
Test convergence: terminate if
| Hky — Be|

|Hkyk — Bei|| < ea or <
| Hicll [yl + 5

Reconstruct solution in R™:
Xk = Vk)/y
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Krylov iterative methods

GMRES, FOM, MINRES and CG for Ax = b

| {||rkll} decreases monotonically, where r, = AViyx — b

(GMRES)

fu = v VII AViyi — bT Vi decreases monotonically

(FOM)
° ‘Can be extended to exploit symmetry = MINRES, CG ‘

(in exact arithmetic)

° ‘ Performs well in practice, but high storage cost (V). ‘
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The standard GMRES algorithm

s= GMRES( K, L, b)

Q Define 81 = ||b|| and vi = b/[3;.
Q@ Fork=1,...,m,

(1) Wy, = KTLVk

@ fori=1,..., k,
@ Hix=vw
@ wk <+ wik — Hixvi
Hi .k < Hi k7,
Br+1 = Hix1 6 = [|wll,
Vi1 = Wi/ Bk+1,
yk = argminy, |[Hy — Bre],
if ||Hyk = ﬂ1e1|| < €, break.

© Return s = Vyyy.

(o = I )
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Krylov iterative methods
Range-space GMRES: the main idea

Return to the case of interest where
A=~lh+KTL and b=K'd.

Observe that
span;_q, {(’yl YK L) b] = span;_o__ 41 [(KTL>Ib]

Ke(yln +KTL b) = span(b, KTLb,...,(KTL)x"1b)
= span(KTd,KTLKTd,...,(KTL)¥1KTd)

= KTspan(d,LKTd,...,(LKT)"1d)

Ki(yl + KTL b) = KTKi(LKT, d)

(Gratton, Tshimanga for CG)
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Krylov iterative methods

The range-space GMRES (1)

| Main objectives ‘

o |all vectors now of size m!| Factor K7 in the algorithm (v = KT¥)

° |good variational properties maintainedl

@ need to compute norms in R":

IvZ=|KT0|2=0T KKTo=0T2
2

e store V and Zj (but of size m)
@ additional product by K to compute ||vk]|. .-

‘ No free lunch. .. for the unsymmetric case
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The range-space GMRES (2)

s = RSGMRO( K, L, d)

@ Define py = K7d, 2, = Kpy,
Q Set 51 =+/dT2;, hh=d/B1 2 —21/B1 and py — po/fr.
Q@ Fork=1,... m,
@ W= Lpk
@ fori=1 ... k,
0 Hiyx=2zw
@ Wik — Wk — Hix¥

Hik < Hi e + 7,
_ T A "~ _ _ _ 2T A
Pr+1 = K Wk, Zkt1=Kpk, Brkv1 = Hir1.k = /2401 Wk,

Ukt1 — Wi/Bkt1: Zks1 — 2k/Bk+1,,  Prk+1 “— Pk/Hik+1.k
yk = argminy [|Hy — bre],
if ||[Hyx — Bre1|| < e, break.

Q Return s = KT Vi

QOO © O
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Krylov iterative methods

The range-space GMRES (3)

@ change K (and L)!
K:[[:(T] and L:[OLT]

K'L=KTL with K ems1=0b

and

@ vectors of size m + 1.
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The range-space GMRES (4)

s=RSGMR( K, L, b)

o Define ﬂl = HbH, pP1 = b, u= Kb, 21 = U/ﬂl,
and ¥ = eni1/0r.
Q@ Fork=1,..., m+1,
o W =[(Lp)" 0], Wk — Wi/Br,
@ fori=1,... k,

@ Hix=[2"0]W

@ Wik — Wk — Hix¥

Hik — Hi e + 7,

pis1 = [KT bl Wi, 21 = Kpiwr, Crgr = [u” B3] W,
Brr1 = Hirrk = /12011 Chr1] Wi,

Vi1 — Wie/Brs1, Zkg1 — 2/ Brs1,

yk = argminy [|Hy — Bie],
if [|[Hyx — fre1]| < €, break.

Q Return s = [KT b] Viyi.

00 O 6 0
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Krylov iterative methods
Full- vs range-space Krylov methods

At iteration k:

GMRES RSGMR
storage n(k+1)+k(k+3)/2 | n+(2m+ 1)k + k(k+3)/2
internal flops 4nk 4 3n + [sol] 4mk + 7m + [sol]
products by KT, L KT K, L

FOM (sym) RSFOM (sym)

storage n(k+1) + k(k+3)/2 (2m+ 1)k + k(k+3)/2
internal flops 4nk 4 3n + [sol] 4mk + 6m + [sol]
products by K™ K KT, K

‘Can we reduce cost further?‘
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Krylov iterative methods
Inexact products: the context

Possible answer: linexact matrix-vector products‘

(Simoncini and Szyld, van den Eshof and Sleipen, Giraud, Gratton and Langou, ...)

Motivations:

@ stability wrt roundoff errors
(remember iterates of RSGMR belong to range(KT)! )

@ allow cheap products (truncated B~1, R~ simplified models,. . J)

Two for the result of p =~ Av:

© Backward:
p=(A+E)v with |E]<7llAl

@ Forward:
p=Av+e with |e] <7[Av]|.
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Krylov iterative methods

Inexact products: results for the backward error model

Define

G = Heyic— Ber, G = max[|[K[| ILI] ok = max o]

goooy

k(K) = condition number of K

(...after some analysis. . .)

Assume the backward error model. Then
el < v/2(k + 1) [[qxl|
+| K llwic | ey VKl +4 G2 iy [lyeil 7

< 2k + 1) [[lqkll 4 Tmaxs(K) (v + 4 G?)|lyxll] -

Philippe Toint (Namur) July 2013 23 /30



Krylov iterative methods

Inexact products: results for the forward error model

Assume the forward error model. Then

Il < \/72(k+1>||qk|+ﬂ[mﬁuykn+4G|1Kuz,ilr[yk1f|ﬂ]
< \/72(“1)[qkr+Tmax(w+4cuKn)Hyku]

Note in both sets of bounds:
o first of these bounds allow for variable accuracy requirements

@ special role of 7,
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Krylov iterative methods

CG with inexact products

Is CG a reasonable framework for inexact products?
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Comparing || rk||/(||A]l ||s<]|) for FOM, CG with reorthog and CG for
exact(left) and inexact (right) products (7 = 1072, x =~ 10°)
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Krylov iterative methods

RSGMR and the error models (2)

Is the error model important?

10 - \ 7 7
10° - \\ i |
10" \\ B B
|0"Z 1 1 il il il il 104: L
1] 10 20 30 40 50 60 70 0 10 20 30 40 50 60 7
Backward error model Forward error model

(normalized ||rg||, normalized ||q||, accuracy threshold 7)
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Krylov iterative methods

RSGMR and the error models (2)

0 20 40 60 80 100 12 [ 20 40 60 80 100

Backward error model Forward error model

(normalized ||rg

, normalized ||gx||, accuracy threshold )
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Krylov iterative methods

Fixed vs variable accuracy thresholds (1)

Can we use variable accuracy thresholds efficiently? (e = 1072, k &~ 10?)
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Fixed T 7~ 1/ qx|l

(normalized ||r

, normalized ||qk||, accuracy threshold 7)
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Krylov iterative methods

Fixed vs variable accuracy thresholds (2)

Maybe. .., not obvious. (e =107, Kk ~ 10°)

L L L L L L L L L L
0 20 40 60 80 100 12 0 20 40 60 80 100 12

Fixed T 7~ 1/ qx|l

(normalized ||r||, normalized ||qk||, accuracy threshold 7)
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Conclusions
Conclusions

Range space methods may be designed to gain from low rank
Further gains may be obtained from inexact products

Formal bounds on the residual norms are available in this context
Forward error modelling gives more flexibility than backward

Many open questions ... but very interesting

Opens further doors for algorithm design:
efficiently spending one's “inaccuracy budget”

e short recurrence methods

o inexact full-space methods using forward error(?)
]

True application: a real challenge
(but we are working on it!)

Many thanks for your attention!
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