A new image reconstruction technique using the

Linear Sampling Method in inverse-scattering problems

Philippe Toint (with M. Fares and S. Gratton)

Department of Mathematics, University of Namur, Belgium

( philippe.toint@fundp.ac.be )

EWMINLP 2010, Marseille, April 2010



The problem (1)

The

e © ¢ ¢

name of the game:

Discover the shape of hidden objects‘

objects typically hidden in another medium (ground, water, body, .. .)

illuminate the objects by plane waves from "' all" directions
measure waves scattered (reflected) by the object in “all” directions

reconstruct the object
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The problem (2)
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The Linear Sampling Method (1)

‘The direct problem: ‘

@ the hidden object O is given

@ the incident plane wave
U™ (x,d) = e ) deSs

(k is the wave number)
o the PDE model: find u®(x, d) (the scattered wave) such that

Au’ 4+ k*u®* =0 (outside O)

with '
u=u"+uv’, u=0 on 90
and
. u 0
rILngo or — iku® = 0.
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The Linear Sampling Method (2)

‘The inverse problem problem: ‘

@ the hidden object O is given

@ one knows the far-field u*° such that

ik (x,d)
u(x,d) = [e " u™ <HXH > + O( >] when ||x|| — oo

@ assuming the same PDE model, find 0O.

A 0-1 formulation:

Given u®, decide, for each x € R3, whether x € O or not.
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The Linear Sampling Method (3)

For X = x/||x||, define the far-field operator and equation

(Fa)(x) % /S 0> (%, d)g(d) ds(d) =

(the far-field pattern associated to the plane wave e

But (Colton) ...

‘ Finding g is ill-posed! ‘

7e71k(x,d)

ik(%,d))

Ve

Jg.

1Fge(-, d) — ge= e

N <e

Philippe Toint (Namur)

EWMINLP April 2010

6 /15



The Linear Sampling Method (4)

The crucial property:

lim,co2—00 ||g(-,2)|| = 00, and |g(-,2)|| = 0o for (z€ R*\ 0)

For O a sphere: compute the shape of O from the level curves of ||g||

logyg |||l logyo || Vel
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The Linear Sampling Method (5)

Approximate the far-field equation

/ u>(%,d)g(d) ds(d) = 1 ik
s

41

by its discretized form

N
> Fujgi(z) = e kiR
j=1

Fg(z) = b>®(z) (z€ BCR3)

This is an underdetemined system! = regularization (ignore nullspace)
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Regularizing the discretized far-field equation

Assume F = UXV*. Well-known regularization techniques

(Tikhonov-Morosov, TSVD, L-curve, GCV, ...) applicable if the Picard

coefficients

¢

However,
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Operator perturbation and clustered eigenspace recovery

‘ Use a different approach! ‘ Consider

A=Q*NQ and A=A+ tE = Q*\Q

Choose b = ZJ'-'ZI ajqj. Then, after some analysis and for t small,

(_]z(b ~ oy + tz aquE*Pg()\gln,1 = Ag)_lejg
J#e

where P, = Q minus its /-th column.

|Gy b| large whenever t is small, ¢ is the index of a clustered
eigenvalue and b has a significant component along the clus-

ter’'s eigenvectors

Note: A, Q or A may be unknown!
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Application to Linear Sampling

Choose )
A=FF* and tE = FF* — F®(F®)*

and thus B
Q=U and |g;b| = u;b™.

|uy b>| large whenever £ is large, |[FF* — F*°(F*)*|| is small
and b has a significant component along the (unknown) ap-
proximate nullspace of the far-field operator

(as observed)

reconstruct nullspace!
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The SVD-tail algorithm

© Select 7 a d-dimensional subspace (approximately) spanned by the
the d leftmost singular vectors of F

@ Compute {wy} a basis of 7 and ¥,(z) = w;b>*(z) ((=1,...,d)

Defi
© Define 1

vela) = 5]

‘ 14(z) small for z outside O and large for z inside O ‘

‘ Same as g(z) but MUCH cheaper to evaluate (no full SVD)! ‘

‘ Use level curves of ¢4 to compute 00! ‘

(isovalue heuristic)
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[llustration: the unknown objects
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[llustration: the reconstruction of the plane

N = 1002, d = 5,20, 35, 50, 65, 80
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Conclusions

@ Interesting (to me) 0-1 decision problem in 3D-space
o Efficient computaional scheme
@ Uses level curves of a nullspace “indicator”

@ Can this be extended to other such problems ?

Thank you for your attention!
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