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;>=l=@O�I�[�?�A�M>B�=^;>B�L7[�\�Mi[�J�\@?lAmJu= C 4�O�?^?�MK\�J*� J*\<?lM k R ;H[�?lJ*\ v MH��? R A�=^\lJ�� J�\�J�B�f�Jp� R J�B�J*siJ*\<[�MV=�=�A�4�GmJi8

dqO�\�;>=l=@O�I�[�?�A�M>B�=^;>\�JgA�L�J*BV?�A�f*;>G�?�M�? R Mi=�JgO�=@JuL7� Mi\<? R J�4�;>=�A�fq?�\lO�=@?@xÿ\�J�n>A�M>BXI�J*? R M�L�8
·*¸�¹ U R J�º�J�=l=�A�;>B�M>��? R J�Mi46]}J�f�?�A�s>Jp� O�B�f�?�A�M>B

∇xxf
A�=�O�B�A�� Mi\�IKG�574�M>O�B�L�J�L C A�8 J>8�? R J�\�J�J*��A�=@?l=�;K[�Mi=�Am?�A�s>J

f*M>B�=@?l;>Bi?
κ »�¼�½ =�O�f R ? R ;H? C � Mi\�;HG�G

x ∈
� Z n C

‖∇xxf(x)‖ 6 κ »�¼�½ .
·*¸�¾ U R J0IKM�L�J*G

mk

A�=S��\l=@?@xÿM>\�L�J�\�f�M R J*\lJ*BV?��^Am? R ? R J0� O�B�fh?lAmMiB
f

;2?9J�;if R A�?lJ*\�;2?�A�M>B
xk

C A�8 J>8�? R J*A�\�s2;>GmO�Ju=
;>B�L�n>\�;>L�A�J*BV?l=<;>\�JgJ��VO�;>G-;2?

xk

� Mi\�;HG�G
k

z

mk(xk) = f(xk)
;>B�L

gk
def
= ∇xmk(xk) = ∇xf(xk).

·*¸À¿×U R J�º�J�=l=�A�;>B�M>��? R J�IKM�L�J*G
∇xxmk

A�=0O�B�Am� M>\lI�G�574�M>O�B�L�J�L C A�8 J>8�? R J�\�J�J*��A�=@?l=�;Yf*M>B�=@?l;>BV?
κ »�Á�½ > 1=�O�f R ? R ;H? C � Mi\�;HG�G

x ∈
� Z n ;HB�L�� Mi\�;HG�G

k C

‖∇xxmk(x)‖ 6 κ »�ÁA½ − 1.
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�
�#��|6~����C� b

·�Â¨Ã >A@CÄ¨Å
ÆEÇ ¾7¸�¹ F$È[:�Å @C>2D Éb:�ÊGÅ
Ä¨Ë�:ÌÅ @CÍED Å Î,@C: Ã Ä�>�ÏÑÐ Â�Ã >�@CÄ�Å�ÆWÇÓÒ�È$Ô�ÈTÕ
Ö Å
:�ÉØ×0F)Ù ÏWÄ¨Å
Ä¨Ð Â Ä¨D�Ð6Å�Ä¨>2Ï ¸g��BNA�B�A�?lA�;>G�[�M>A�BV?

x0

;HB�LãA�B�Am?�A�;HG-?l\�O�=}?�x{\lJ*niAmMiBX\�;>L�A�O�=
∆0 > 0

;H\lJ�n>A�s>J*B�8
U R J^f�MiB�=@?l;HBV?�=

η1
C η̃1 C η̃2 C γ1

;>B�L
γ2

;>\�J^;HG�=�MgniAmsiJ*BK;HB�L�=l;2?�A�=@� 5
0 < η1 < 1 C 0 < η̃1 6 η̃2 < 1;HB�L

0 < γ1 6 γ2 < 1
8 k M>IK[�O�?�J

f(x0)
;HB�L�=@J*?

k = 0
8

Ö Å
:�É ¹ F)Úµ>ÛBW: Â BW:�Ü�ÏWÄ¨Å
Ä¨>2Ï ¸go3J�GmJufh? ;Õ?}�^A�f*J�x�f�MiBi?lAmB3O�MiO�=�Gm5¢L�AmP
J*\lJ*BV?�A�;H4�G�J IKM�L�J*G
mk

L�J���B�J�L
A�B

Bk

8
Ö Å
:�É ¾ F)È�:�Å @C>�D
É4:`Ê#Å�Ä�Ë2:ÌÅ @CÍWD
ÅpÎ�@C: Ã Ä¨>2ÏÝ@CÐnBWÄ�ÍWDRÍWÉ4BEÐ6Å
: ¸g�ÿ�

k = 0 C niMq?lM�oV?�J�[Kb�8��ÿ�
xk = xk−1

C? R J*BNf R M3Mi=�J
∆k

A�B
[γ1∆k−1, γ2∆k−1)

8 y G�=@J C L�J���B�J

ρ̃k =
f(xk−1) − f(xk)

mk(xk−1) −mk(xk)

Z{j�8�jG\

;HB�LXf R M3MV=@J

∆k ∈











[∆k−1,∞)
A��
ρ̃k > η̃2

C
[γ2∆k−1,∆k−1)

Am�
ρ̃k ∈ [η̃1, η̃2)

C
[γ1∆k−1, γ2∆k−1)

Am�
ρ̃k < η̃1

8
Z{j�8 b�\

Ö Å
:�É ¿ F Ö Å
:�ÉªÊ�Ð Â Ê�Í Â Ð6Å
Ä�>�Ï ¸ k MiIK[�O�?�J�;K=@?�J*[
sk

? R ;2?4^�=@On²Yf*AmJ�BV?�G�5Y\�JuL�O�f�Ju=9? R JpIKM�L�J*G-_
mk

;>B�L
=�O�f R ? R ;2?

xk + sk ∈ Bk

8
Ö Å
:�ÉªÞWF · Ê�ÊG:�ÉWÅ�ÐnÏEÊG:ß>�àiÅ�ÆW:ÌÅ
@CÄ¨Ð Â É4>2Ä¨ÏMÅ ¸ k MiI�[�O�?�J

f(xk + sk)
;>B�L�L�J���B�J

ρk =
f(xk) − f(xk + sk)

mk(xk) −mk(xk + sk)
.

Z{j�8 � \

�ÿ�
ρk > η1

C ? R J*BNL�J*��B�J
xk+1 = xk + sk á MH? R J*\l�^A�=�J�L�J���B�J

xk+1 = xk

8
��B�f*\�J�I�J�BV?

k
435Fc�;HB�L7niM)?lM�oV?�J�[�ci8

·*¸ Þ U R J0L�J�f*\�Ju;>=�J<M>BK? R J�IKM3L�J*G
mk

A�=S;2?�G�J�;i=}?9;>=|I)O�f R ;>=S;g� \�;>f�?�A�M>BKMH�
? R ;2?�Mi4�?l;>AmB�J�LY;2?�? R J k ;>O�f R 5
[�M>A�BV? á A{8 Ji8¥? R J�\�JpJ*�3A�=@?l=�;Kf�MiB�=@?l;HBV?

κ ÁAâ�ã ∈ (0, 1)
=�O�f R ? R ;2? C � M>\�;>GmG

k C

mk(xk) −mk(xk + sk) > κ ÁAâ�ã ‖gk‖min

[

‖gk‖

βk

,∆k

]

�^Am? R
βk

def
= 1 + max

x∈Bk

‖∇xxmk(x)‖
8

� M>?�J)? R ;H?��e8 � =�[�Juf�Am��J�=g? R JKB�MH?lAmMiB�MH��^@=�O6²�f�A�J*BV?p\�JuL�O�fh?lAmMiB`_)O�=�J�L�AmB©oV?lJ*[Ìb7M>��M>O�\g;>GmniM>\lA�? R I C � R AmG�J
? R JKf R MiA�f*J�MH�

mk

A�B�oV?lJ*[$c)A�=gG�AmIKAm?�JuLF435N��8�j�;HB�L���8 b�8)a�J�;>G�=�M�B�M>?�J�? R ;2?
sk 6= 0

� R J�B�J*siJ*\
gk 6= 04�Juf*;>O�=@JpM>����8 � 8

ä�å�æ çhè4ébê4ëÛìAí
ë0é%îMëðï6èòñRó�ìAô�ï�õGö�ìA÷%ëÛìªçßìAó�ïnó�îMø(ù�úÌè4ó,ébï6ô
��BÒ? R A�=�=@Jufh?lAmMiB C �9Jã[�\lM2s>JX? R ;H?�? R JN\lJ�?�\lMi=�[�J�fh?lAmsiJ7?l\�O�=}?�x{\lJ*niAmMiBý;HG�n>Mi\�Am? R I A�=YniGmMi4�;HG�G�5$f�M>B3siJ*\ln>J*BV?)?�M
��\�=}?�x{Mi\lL�J�\ef�\lAm?�A�f*;HG9[�M>A�Bi?�= C AmBÒ? R Jã=@J�B�=�J�? R ;2?)J�s>J�\�5ÌG�AmIKAm?�[�M>A�BV?

x∗
M>��? R JX=�J��VO�J*B�f�J7M>�0Am?�J*\�;2?lJ�=

(xk)[�\lM3L�O�f�JuL7435Y? R J�;HG�n>Mi\�Am? R I j�8�cg=l;2?lA�=@��J�=

∇xf(x∗) = 0

Am\l\lJ�=�[�Jufh?�A�s>JgMH��? R J�f R M>A�f�JgMH��? R J�=@?l;>\@?lAmB�n)[�M>A�BV?
x0

;HB�LXA�B�Am?�A�;HG�?l\�O�=}?�x{\lJ*niAmMiB�\l;iL�A�O�=
∆0

8
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�
�#��|6~����C� �

aáJp��\�=@?<niAmsiJ�;)4�M>O�B�L�M>BX? R J�J�\�\lM>\94�J*?}��J�J*BX? R Jp?l\�O�J�M>46]}Jufh?�A�s>Jq� O�B�f�?�A�M>B
f

;>B�L�A�?�=^f�O�\l\lJ*BV?^I�M�L�J�G
mk

;2?^? R J�[�\lJ*s3A�M>O�=9Am?�J*\�;2?lJ
xk−1

8

Ô�ÆE:�>�@C:`Ç ¿0¸¨¹#o3O�[�[�Mi=�Jp? R ;H?���8�ch�3�e8 b R MiG�L-8SU R J*Bã�9J R ;ws>Jq? R ;H?

|f(xk) −mk−1(xk)| 6 κubh∆
2
k−1

Z�b�8��G\
;HB�L C A��¥Am?�J*\�;2?lAmMiB

k − 1
A�=�=�O�f*f*J�=l=}� O�G C ? R ;2?

|f(xk−1) −mk(xk−1)| 6 κubh∆
2
k−1

Z�b�8 v \
� R J*\lJ

κ »�û�½ def
= max[κ »�¼ ½ , κ »�Á�½ ]. Z�b�8ô_#\

ü$@y>0>�à ¸ U R J�4�M>O�B�L¯Z�b�8��G\<L�Am\lJ�f�?�G�57\lJ�=�O�G�?�=<� \lM>I¼U R J*M>\lJ*I v 8 � 8�cgA�B k M>B�B�J*?q;HG{80Z{jH]>]i]�\�8(aáJ�? R O�=
M>B�G�5)[�\�M2siJýZ�b�8 v \h8¥:�Juf*;>O�=@J�? R JqM>46]}Jufh?�A�s>J�� O�B�fh?lAmMiB7;HB�LK? R JqIKM3L�J*G
;H\lJ

C2
� O�B�fh?�A�M>B�= C �9J�IY;w5�;>[�[�G�5

? R JXI�Ju;HBÌs2;HG�O�JY? R J*Mi\�J�I MiBá? R J7Mi46]}J�f�?�A�s>JK� O�B�fh?�A�M>B
f

;>B�LÌM>BÌ? R J�IKM�L�J*G
mk

C ;>B�LÌM>4�?�;HA�BÌ� \�MiI
xk−1 = xk − sk−1

? R ;H?

f(xk−1) = f(xk) − 〈sk−1,∇xf(xk)〉 + 1

2
〈sk−1,∇xxf(ξk)sk−1〉

Z�b�8 a�\
mk(xk−1) = mk(xk) − 〈sk−1,∇xmk(xk)〉 + 1

2
〈sk−1,∇xxmk(ζk)sk−1〉

Z�b�8 þ�\
� M>\�=�M>IKJ

ξk
C ζk A�B�? R J�=�J*niI�J�BV?

[xk−1, xk]
8

:�Juf*;>O�=@JeMH����8�j C ? R J)Mi46]}J�f�?�A�s>J�� O�B�fh?lAmMiB
f

;HB�Lã? R J�IKM�L�J*G
mk

R ;ws>J�? R JK=�;>I�Jesw;>GmO�J);HB�LNn>\�;>L�A�J*BV?
;2?
xk

8SU R O�= C =�O�4�?l\l;ifh?�A�B�n;Z�b�8 þ�\�� \�MiIÿZ�b�8 a�\<;HB�L7?l;GXVA�B�nY;H4�=@MiGmO�?lJpsw;>GmO�J�=<53AmJ�G�L�=9? R ;H?

|f(xk−1) −mk(xk−1)| = 1

2
|〈sk−1,∇xxf(ξk)sk−1〉 − 〈sk−1,∇xxmk(ζk)sk−1〉|

6
1

2
[|〈sk−1,∇xxf(ξk)sk−1〉| + |〈sk−1,∇xxmk(ζk)sk−1〉|]

6
1

2
(κufh + κumh − 1)‖sk−1‖

2

6
1

2
(κufh + κumh − 1)∆2

k−1,
Z�b�8mcu]�\

� R J*\lJp��J�=�O�f*f*J�=l=@A�s>J�Gm5�O�=@JuL�? R Jp?�\lA�;>B�n>G�JpAmB�J��VO�;HG�Am?}5 C ? R J k ;HO�f R 5Vx�o�f R �<;H\�H�A�B�J��VO�;>GmAm?}5 C ? R J�A�B�L�O�f*J�L
IK;H?�\lA��YB�Mi\�I [�\lM>[�J*\�?�A�J�= C ��8�c C ��8 b C ;HB�L�? R J0��;>f�?�? R ;2?

xk ∈ Bk−1

AmIK[�G�A�J�=�? R ;H?
‖sk−1‖ 6 ∆k−1

8So3M
Z�b�8 v \9f*GmJu;H\lGm5 R M>G�L�=*8

2

U R O�=9? R J�;HB�;HG�M>neM>��U R J�M>\lJ*I v 8 � 8�c0M>� k MiB�B7J*?^;>G�87Z{jH]>]i]�\ R M>G�L�=9A�BXMiO�\^f*;>=�J C � R J�\�Jg�9Jq\lJ*[�G�;>f*J�? R J
� M>\l�9;>\lLXL�AmP�J�\�J�B�f�J

f(xk+1) −mk(xk+1)
4357Am?l=<\lJ�?l\�MV=@[�J�f�?�A�s>Jgs2;H\lA�;>Bi?

f(xk−1) −mk(xk−1)
8

�0=|MiO�\SB�J��Ò\�;2?�A�M
ρ̃k

O�=�J�=|? R J^\lJ�L�O�fh?�A�M>B�A�B
mk

AmB�=}?lJ�;>L�M>��? R J^\�JuL�O�f�?�A�M>BKAmB
mk−1

C �9J^;H\lJ<AmBV?�J�\�Ju=}?lJ�L
AmBN;�4�M>O�B�L�MiB7? R J*A�\0L�AmP�J�\�J�B�f�J C � R A�f R A�=^[�\lM2s3A�L�JuL�435�? R A�=^B�J��3?^\lJ�=�O�G�?u8

�4:`Ç�Ç�Ð ¿Û¸�¾ o3O�[�[�MV=@J�? R ;H?)��8�ch����8 b R M>G�L�8ãU R J*B©�9J R ;ws>JK? R ;2? C � Mi\eJ�s>J*\l5�=�O�f*f*J�=l=}� O�GSA�?lJ*\�;2?lAmMiB
k − 1 C

| [mk−1(xk−1) −mk−1(xk)] − [mk(xk−1) −mk(xk)] | 6 2κ »�û�½ ∆2
k−1.

Z�b�8�c>c�\

ü$@y>0>�à ¸ r =@A�B�nN? R J�IKM�L�J*G<L�AmP�J�\�J�Bi?lA�;>4�A�GmAm?}5 C ��JX;H[�[�G�5á? R JXI�Ju;HB©s2;HG�O�JY? R J*Mi\�J�I MiBÌ? R JXI�M�L�J�G
mk−1

C ;HB�LX��JpMi4�?l;>AmBX? R ;H?

mk−1(xk) = mk−1(xk−1) + 〈sk−1, gk−1〉 + 1

2
〈sk−1,∇xxmk−1(ψk−1)sk−1〉

Z�b�8mcwjG\
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�
�#��|6~����C� �

� M>\�=�M>IKJ
ψk−1

AmB�? R J�=@J�n>IKJ*BV?
[xk−1, xk]

8 Z J*IKJ*I)4�J�\<? R ;H?ýZ�b�8 þ�\�A�BX? R Jp[�\lJ*s3A�M>O�=9[�\lM3MH��niAmsiJ�=�? R ;2?

mk(xk−1) = mk(xk) − 〈sk−1, gk〉 + 1

2
〈sk−1,∇xxmk(ζk)sk−1〉

Z�b�8mcub�\
� M>\�=�M>IKJ

ζk
A�BY? R Jg=@J�n>IKJ*BV?

[xk−1, xk]
8So3O�4�=}?lA�?lO�?�A�B�nÌZ�b�8mcwjG\|;>B�L*Z�b�8mcub�\¥A�B�=�A�L�J�? R JqG�J��,?�x R ;>B�L�=�AIH�J�MH�

Z�b�8�c>cy\ C ;HB�LãO�=�A�B�n7��8 b C ? R J�?�\lA�;HB�niGmJ�A�B�J��VO�;>GmAm?}5 C ? R J k ;HO�f R 5Vx}o�f R �9;>\,HgAmB�J��VO�;HG�Am?}5 C ;HB�L�? R JeA�B�L�O�f*J�L
IK;H?�\lA��XB�M>\lI¢[�\lM>[�J*\�?�A�J�=<53A�J*G�L�? R ;2?

| [mk−1(xk−1) −mk−1(xk)] − [mk(xk−1) −mk(xk)] |

=
∣

∣−〈sk−1, gk−1 − gk〉 −
1

2
(〈sk−1,∇xxmk−1(ψk−1)sk−1〉 + 〈sk−1,∇xxmk(ζk)sk−1〉)

∣

∣

6 ‖sk−1‖ · ‖gk−1 − gk‖ + κ »�ÁA½ ‖sk−1‖
2
.

Z�b�8mc � \
� M2� Mi4�=�J*\ls>Jq? R ;H? C 4�J�f�;HO�=�JpMH���e8 j C ‖gk−1 − gk‖ = ‖∇xf(xk−1) −∇xf(xk)‖

8(a�Jp? R J�BN;H[�[�G�5Y? R J
I�Ju;HB�s2;HG�O�Jp? R J�M>\lJ*I¢MiB

∇xf
;HB�LXMi4�?l;>AmBX? R ;2?

∇xf(xk) = ∇xf(xk−1) +

∫ 1

0

∇xxf(xk−1 + αsk−1)sk−1 dα.
Z�b�8mcw�G\

U R O�=9? R J k ;>O�f R 5ix}o�f R �<;H\�H�AmB�J��VO�;HG�Am?}5 C ;>B�LX�e8mcpniAmsiJq? R ;2?

‖gk−1 − gk‖ 6

∫ 1

0

‖∇xxf(xk−1 +αsk−1)‖ · ‖sk−1‖ dα 6

∫ 1

0

κ »�¼ ½ ‖sk−1‖ dα = κ »�¼ ½ ‖sk−1‖.
Z�b�8mc v \

o3O�4�=@?�Am?�O�?lAmB�nY? R A�=<4�M>O�B�L�A�B Z�b�8�c � \ C �9JpM>4�?�;HA�B7? R ;2?

| [mk−1(xk−1) −mk−1(xk)] − [mk(xk−1) −mk(xk)] | 6 (κ »�¼ ½ + κ »�ÁA½ )‖sk−1‖
2 = 2κ »�û�½ ∆2

k−1

� R J*\lJp��Jg��B�;>GmG�57O�=@JRZ�b�8�_G\ C ;>B�LX? R Jp��;ifh?<? R ;H?
xk ∈ Bk−1

8
2

aáJ�f�M>B�f�G�O�L�J�� \lM>I¼? R A�=q\�Ju=@O�Gm?�? R ;2?q? R JeL�J*B�MiI�A�B�;H?�M>\�=^A�BN? R JeJ���[�\lJ�=l=�AmMiB�M>�
ρ̃k

;>B�L
ρk−1

L�A�P
J*\q435
;7�VO�;>Bi?lA�?}5ã� R A�f R A�=qMH�S? R J�=l;HIKJ)M>\�L�J*\g;>=0? R J�J*\l\�Mi\04�J�?}�9J*J�BN? R J�IKM�L�J*G|;HB�Lã? R J�M>4n]}J�fh?lAmsiJ�� O�B�fh?�A�M>B�8
r =�AmB�nY? R A�=�Mi4�=�J*\lsw;H?�A�M>B C ��J�;>\�J�B�M2� f*;>[�;H4�GmJ�M>�¥= R M2�^A�B�nK? R ;2?�? R JeAm?�J�\l;H?�A�M>BãIeO�=@?04�Je=�O�f*f*J�=l=}� O�G�A��¥? R J
\l;iL�A�O�=0A�=�=�O6²�f�A�J*BV?�G�5F=@IY;>GmGSf*M>IK[�;H\lJ�LN?�MX? R JKn>\�;>L�AmJ�Bi? C ;HB�Lá;HG�=@MX? R ;2?g? R J�?�\lO�=@?@xÿ\�J�n>A�M>BF\�;>L�AmO�= R ;i=q?�M
AmB�f�\lJ�;>=�JgAmB�? R A�=�f�;>=�J>8

Ô�ÆE:�>�@C:`Ç ¿0¸v¿Îo3O�[�[�Mi=�Jp? R ;H?���8�ch�3�e8 � R MiG�L-8�o3O�[�[�Mi=�Jp� O�\�? R J�\�IKM>\lJq? R ;H?
gk 6= 0

;>B�LX? R ;H?

∆k−1 6 min

[

1 − η1,
(1 − η̃2)

(3 − 2η̃2)

]

κ ÁAâ�ã
κ »�û�½ ‖gk−1‖.

Z�b�8�cw_#\

U R J*BãAm?�J�\l;H?�A�M>B
k − 1

A�=�=�O�f�f�J�=l=@� O�G-;HB�L

∆k > ∆k−1.
Z�b�8�c�a�\

ü$@y>0>�à ¸ aáJ���\l=@?0;H[�[�Gm5ãU R J*Mi\�J�I v 8 � 8 j)MH� k MiB�BNJ�?q;>G�8WZ�jH]i]>]�\S?lM7L�JuL�O�f�J�? R ;H?0A�?lJ*\�;2?lAmMiB
k − 1

A�=
=@O�f�f�Ju=�=@� O�G�;>B�L�? R O�=�? R ;2?

xk = xk−1 + sk−1 6= xk−1

8Sdq4�=�J*\ls>J^B�M2��? R ;2?�? R J0f*M>B�=@?l;>BV?l=
η̃2

;HB�L
κ Á�â�ãGmA�J�AmB�? R J�AmBV?lJ*\lsw;>G

(0, 1) C � R A�f R A�I�[�GmA�J�=<? R ;2?

(1 − η̃2)

(3 − 2η̃2)
<

1

2
< 1

;>B�L
κmdc

(1 − η̃2)

(3 − 2η̃2)
< 1.

Z�b�8mc�þ�\



z%{k|C}�~i�C��{������y�����6�R����~��6�6��{%�6�G���������`���A�n��~����-�T�2�6~�}��y{$�,�v{
�
�#��|6~����C� v

U R Jqf*M>B�L�Am?�A�M>B�=%Z�b�8mc2_#\ C Z�b�8�c
þ�\ C ;>B�L*Z�b�8�_G\ C f�MiIe4�A�B�J�LK�^Am? R ? R JgL�J���B�A�?lAmMiB�MH�
βk−1

AmBX��8 � A�I�[�Gm5�? R ;2?

∆k−1 <
1

2

κ ÁAâ�ã
κ »�û�½ ‖gk−1‖

;>B�L
∆k−1 <

‖gk−1‖

βk−1

.
Z�b�8 j>]�\

�0=�;Kf�MiB�=�J��VO�J*B�f�J C �e8 � A�IKI�JuL�A�;2?�J�Gm5Xn>A�s>Ju=�? R ;2?

mk−1(xk−1) −mk−1(xk) > κ Á�â�ã ‖gk−1‖min

[

‖gk−1‖

βk−1

,∆k−1

]

= κ ÁAâ�ã ‖gk−1‖∆k−1.
Z�b�8 j�c�\

dqB7? R J�MH? R J*\ R ;>B�L C �9JpIY;w57;H[�[�Gm57T�J*IKIY;Kb�8�j);>B�L�O�=�Jq? R Jp?�\lA�;HB�niGmJpA�B�J��VO�;>GmAm?}5Y?�MKMi4�?l;>AmBX? R ;H?
∣

∣mk−1(xk−1) −mk−1(xk)
∣

∣ −
∣

∣mk(xk−1) −mk(xk)
∣

∣

6
∣

∣

[

mk−1(xk−1) −mk−1(xk)
]

−
[

mk(xk−1) −mk(xk)
]∣

∣

6 2κ »�û�½ ∆2
k−1

;HB�L7? R J�\�J*� M>\lJ C �^Am? R Z�b�8 j�c�\ C ? R ;H?

|mk(xk−1) −mk(xk)| > |mk−1(xk−1) −mk−1(xk)| − 2κ »�û�½ ∆2
k−1

> κ ÁAâ�ã ‖gk−1‖∆k−1 − 2κ »�û�½ ∆2
k−1.

Z�b�8 jijG\
aáJp��B�;HG�Gm5�IY;w57;>[�[�G�57U R J�M>\lJ*I b�8mc�;HB�LXL�JuL�O�f*Jp� \�MiI ��8�j C Z�b�8 v \9;HB�LhZ�b�8�j>jG\�? R ;2?

|ρ̃k − 1| =

∣

∣

∣

∣

f(xk−1) −mk(xk−1)

mk(xk−1) −mk(xk)

∣

∣

∣

∣

6
κ »�û�½ ∆k−1

κ Á�â�ã ‖gk−1‖ − 2κ »�û�½ ∆k−1

6 1 − η̃2
Z�b�8 j>b�\

4�Juf*;HO�=@J
(3.17)

A�IK[�GmA�J�=9? R ;2?
(3− 2η̃2)κ »�û�½ ∆k−1 6 (1− η̃2)κ Á�â�ã ‖gk−1‖

;HB�L7? R O�=�? R ;2?
κ »�û�½ ∆k−1 6

(1 − η̃2)(κ ÁAâ�ã ‖gk−1‖ − 2κ »�û�½ ∆k−1)
�^A�? R

κ Á�â�ã ‖gk−1‖ − 2κ »�û�½ ∆k−1 > 0
435 Z�b�8 j>]�\h8ÎU R J*\lJ�� Mi\�J C

ρ̃k > η̃2
;HB�LßZ�j�8 b�\�? R J�B�J�B�=�O�\�Ju=9? R ;H?ýZ�b�8mcua�\ R M>G�L�=�8

2

�ÿ?�A�=g? R J*\lJ�� Mi\�J�n>O�;>\l;>BV?�J*JuLN? R ;2?p? R JK?�\lO�=}?�x{\lJ*niAmMiBF\�;>L�A�O�=pf*;>BáB�M>?�4�J�L�Juf�\lJ�;i=@JuLFA�B�L�J���B�A�?lJ*G�5�Am��? R J
f�O�\l\lJ*BV?9Am?�J�\l;H?�J�A�=<B�MH?�B�J�;H\^f*\�Am?�A�f*;>GmG�5>8|U R A�=^A�=<J*B�=�O�\lJ�LX4V57? R J�B�J��3?<? R J�M>\lJ*Iã8

Ô�ÆE:�>�@C:`Ç ¿0¸ Þ o3O�[�[�Mi=�Jg? R ;H?0��8�ch�3�e8 � R MiG�L-8|o�O�[�[�Mi=�Jp� O�\@? R J*\lIKM>\lJ0? R ;2?<? R J*\lJ�J���A�=}?�=^;)f*M>B�=@?l;>Bi?
κ � û�� =�O�f R ? R ;2?

‖gk‖ > κ � û�� � Mi\�;HG�G
k

8SU R J�BX? R J*\lJpA�=0;�f*M>B�=@?l;>BV?
κ � û,â =�O�f R ? R ;H?

∆k > κ � û,â Z�b�8�j � \
� M>\�;>GmG

k
8

ü$@y>0>�à ¸ U R Jp[�\lM3MH��A�=<? R J�=l;HIKJ�;>=9� M>\�U R J*M>\lJ*I v 8 � 8 b�A�B k MiB�BãJ�?0;>G�8ÛZ{jH]>]i]�\�J���f�J�[�?^? R ;2?

κ � û�â = min

[

1 − η1,
(1 − η̃2)

(3 − 2η̃2)

]

γ1κ ÁAâ�ã κ � û��
κ »�û�½ .

2

� 6�\lM>I R J*\lJYM>B C ? R J�[�\�M3MH�9� M>\�? R J�4�;>=�A�f)?�\lO�=@?e\lJ*n>A�M>BÌ;H[�[�GmA�J�=��^A�? R M>O�?�f R ;HB�niJ>8�a�JY��\�=@?eL�J�L�O�f�J
? R JpniGmMi4�;HG-f*M>B3s>J�\�niJ*B�f*J�MH��? R J�;>GmniM>\lA�? R I ?�MK��\�=@?@xÿM>\�L�J*\<f�\lA�?lA�f�;HG
[�M>A�Bi?�=^� R J�BXAm?�n>J�B�J*\�;2?lJ�=9M>B�G�5K��B�Am?�J�Gm5
IY;HB357=�O�f*f*J�=l=}� O�G�Am?�J�\l;H?�A�M>B�=�8



z%{k|C}�~i�C��{������y�����6�R����~��6�6��{%�6�G���������`���A�n��~����-�T�2�6~�}��y{$�,�v{
�
�#��|6~����C� _

Ô�ÆE:�>�@C:`Ç ¿0¸��×o3O�[�[�Mi=�J�? R ;2?���8�ch����8 � R M>G�L�8�o3O�[�[�Mi=�J�� O�\@? R J*\lIKM>\lJ�? R ;H?0? R J*\lJ);>\�J�MiB�G�5X��B�A�?lJ*G�5
IY;HB35�=@O�f�f�Ju=�=@� O�GVA�?lJ*\�;2?�A�M>B�=*8�U R J*B

xk = x∗
� M>\¥;HG�GV=�O6²�f�A�J*BV?�G�5�G�;H\ln>J

k
;HB�L

x∗
A�=���\�=}?�x{Mi\lL�J*\�f*\�Am?�A�f*;>G�8

ü$@y>0>�à ¸ U R Je=l;HIKJ�;H\ln>O�IKJ�Bi?0;i=^A�BFU R J*Mi\�J�I v 8 � 8 � A�B k M>B�BãJ�?g;HG{8WZ�j>]>]i]�\�IY;w574�J);H[�[�GmA�J�Lã=�AmB�f�J
? R J<\�;>L�A�O�=�O�[�L�;2?�J<A�=�A�L�J�BV?�A�f*;HGV?lMq? R ;2?¥MH��? R J<4�;i=@A�fS?l\�O�=}?¥\�J�n>A�M>B�IKJ*? R M�Le� M>\¥O�B�=�O�f*f*J�=l=}� O�GVAm?�J�\l;H?�A�M>B�=�8
2

6�A�B�;>GmG�5 C ? R J�B�J��3?|?}��M�\lJ�=�O�Gm?l=¥J�B�=@O�\�J<? R J^n>G�M>4�;>G�f�MiBVsiJ*\ln>J�B�f�J9MH��? R J�;>GmniM>\lA�? R I ?lMp��\l=@?@xÿM>\�L�J�\¥f*\�Am?�A�f*;>G
[�MiAmBV?�= C 435�= R M2�^A�B�n7A�B�;7��\�=}?�=@?�J*[á? R ;2?�;2?pGmJu;>=@?gMiB�JK;>f*f*O�IeO�G�;H?�A�M>B�[�M>A�BV?�MH�S? R JKA�?lJ*\�;2?�Ju=p=@Ju�iO�J*B�f*J)A�=
��\�=}?�x{Mi\lL�J�\9f*\�Am?�A�f*;>G�8

Ô�ÆE:�>�@C:`Ç ¿0¸��Îo3O�[�[�Mi=�Jp? R ;H?���8�ch�3�e8 � R MiG�L-8SU R J*BãM>B�J R ;>=9? R ;2?

lim inf
k→∞

‖∇xf(xk)‖ = 0.
Z�b�8 ji�G\

ü$@y>0>�à ¸ o3J�J�U R J*Mi\�J�I v 8 � 8���A�B k M>B�B�J�?0;>G�8ÛZ{jH]i]>]�\�8
2

�0=)� M>\)? R J�4�;i=@A�fY?l\�O�=@?@xÿ\lJ*n>A�M>B©IKJ*? R M�L C ? R A�=)f�;HB$4�JXJ*�3?�J*B�L�J�L$?�MÌ= R M2� ? R ;2?Y;HG�G�G�A�I�Am?K[�MiAmBV?l=K;>\�J
��\�=}?�x{Mi\lL�J�\9f*\�Am?�A�f*;>G�8

Ô�ÆE:�>�@C:`Ç ¿0¸�	×o3O�[�[�Mi=�Jp? R ;H?���8�ch�3�e8 � R MiG�L-8SU R J*BãM>B�J R ;>=9? R ;2?

lim
k→∞

‖∇xf(xk)‖ = 0.
Z�b�8 j v \

ü$@y>0>�à ¸ o3J�J�U R J*Mi\�J�I v 8 � 8 v A�B k M>B�B�J�?0;>G�8ÛZ{jH]i]>]�\�8
2

ä�å�
 çhè4ébê4ëÛìAí
ë0é%îMëðï6è
��ë0îMè4é�÷�õ�ö ì�÷�ëÛì çhìAó�ïnó�îMø(ù�úÌè4ó�ébïnô
aáJYB�M2� A�BVsiJ�=@?�A�ni;H?�J�? R JY[�Mi=l=�Am4�A�G�A�?}5N?lMNJ���[�G�M>Am?e=@Juf�MiB�L3xÿM>\�L�J*\gAmB�� M>\lIK;H?�A�M>B�M>B�? R JYM>46]}Jufh?�A�s>J�� O�B�fh?�A�M>B C�^A�? R ? R J�;>AmI¢M>��J�B�=�O�\�A�B�nKf�MiBVsiJ*\ln>J�B�f�J0?�M�=�J�f�MiB�L3xÿM>\�L�J*\<f�\lAm?�A�f*;HG�[�M>A�BV?l= C A�8 J>8|[�M>A�BV?l=

x∗
=�O�f R ? R ;2?

∇xf(x∗) = 0
;HB�L

∇xxf(x∗)
A�=^[�Mi=�A�?lAmsiJ�=@J�I�A�L�J*��B�Am?�J

.

d0�¥f*M>O�\�=�J C �9J�B�J*JuLX?�M7f*G�;>\�Am� 5�� R ;H?0��J�[�\�Juf�A�=@J�Gm5�IKJu;HBN435�^�=@Juf�MiB�L3xÿM>\�L�J*\<A�B�� M>\lIY;2?�A�M>B6_�8
a�J�? R J*\lJ�� Mi\�J
AmBV?l\�M�L�O�f*Jg? R Jp� MiGmG�M2�^AmB�n�;iL�L�Am?�A�M>B�;>G-;>=l=@O�IK[�?lAmMiB�=�z
·*¸�� U R J^I�M�L�J�G�A�=S;>=�53I�[�?�MH?lA�f�;HG�Gm5)=@Juf�M>B�L3x{Mi\lL�J*\|f�M R J*\lJ*BV?|�^A�? R ? R J�Mi46]}J�f�?�A�s>J9� O�B�f�?�A�M>BYB�Ju;H\¥��\�=@?@xÿM>\�L�J*\

f*\�Am?�A�f*;>G�[�MiAmBV?l= C A{8 Ji8

lim
k→∞

‖∇xxf(xk) −∇xxmk(xk)‖ = 0
� R J*B�J*s>J�\

lim
k→∞

‖gk‖ = 0.

·*¸��×U R J�º0J�=l=@A�;HB�MH�<J*siJ*\l5NIKM3L�J*G
mk

A�=�T�Am[�=lf R Am?,HYf�MiBV?�A�BVO�M>O�= C ? R ;2?�A�= C ? R J*\lJYJ���A�=}?�=�;ãf�M>B�=}?�;HBV?
κ � ãv½=�O�f R ? R ;H? C � Mi\�;HG�G

k C
‖∇xxmk(x) −∇xxmk(y)‖ 6 κ � ãÀ½ ‖x− y‖� Mi\�;HG�G

x, y ∈ Bk

8



z%{k|C}�~i�C��{������y�����6�R����~��6�6��{%�6�G���������`���A�n��~����-�T�2�6~�}��y{$�,�v{
�
�#��|6~����C� a

·*¸�	¯�ÿ��? R J�=@IY;HG�G�J�=@?<J�AmniJ*B3s2;HG�O�J
τk

MH��? R J�º0J�=l=@A�;HB�MH��? R J�IKM�L�J*G
mk

;2?
xk

A�=<B�J�ni;2?lAmsiJ C ? R J*B

mk(xk) −mk(xk + sk) > κ ��� â |τk|min(τ2
k ,∆

2
k)

� Mi\�=@MiI�J�f*M>B�=@?l;>Bi?
κ ��� â ∈ (0, 1

2
)
8

U R J�=�J�;>=l=@O�I�[�?�A�M>B�=^;>\�JpA�L�J*BV?�A�f*;>G
?�MK? R Mi=�JpO�=@JuL�AmBFo3Jufh?�A�M>B�= v 8��);>B�L v 8 v M>� k MiB�BãJ�?�;HG{80Z{jH]>]i]�\S� M>\<? R J
4�;>=�A�fY?�\lO�=@?@xÿ\�J�n>A�M>B©IKJ�? R M�L�8©��B©��;ifh? C ? R Jã=@Juf�MiB�L3xÿM>\�L�J*\�f�M>B3siJ*\ln>J*B�f�JY[�\lM>[�J*\�?�A�J�=)MH�^? R JX\lJ�?l\�MV=@[�J�f�?�A�s>J
?�\lO�=@?@xÿ\�J�n>A�M>BKIKJ�? R M3L7;HG�=@Mp?lO�\�B7M>O�?�?�M�4�J0J*��;ifh?lGm5)? R Jg=�;>IKJ0;>=S? R MV=@JqMH�
? R Jq4�;>=�A�f<?�\lO�=@?@xÿ\�J�n>A�M>BKIKJ�? R M3L C;HB�LX? R J*A�\�[�\lM3MH��=�f�;HB�J�=l=@J�Bi?lA�;>GmG�574�J*J�Bã4�Mi\�\lM2��JuLY� \lM>I ? R A�=0f�;>=�J C �^Am? R ? R J�J���f�J�[�?�A�M>BãM>�¥T�J*IKIY; v 8���8 b�8
aáJ�? R J�\�J*� M>\lJgB�J*J�L�?lMY[�\lJ�=�J*BV?0;K[�\lMVM>��M>��? R ;2?q[�;H\�?�A�f�O�G�;H\^\lJ�=�O�Gm?^� M>\^? R J�B�J��×IKJ*? R M�L�8<�0=0��J�A�B�L�A�f*;H?�J
4�J�GmM2� C ;HG�G�MH? R J*\9\�Ju=@O�Gm?l=�n>J�B�J*\�;HG�AIH�J��^Am? R MiO�?9f R ;>B�n>Jq;HB�LY�9J0MiB�G�5�IKJ�Bi?lAmMiBY? R J*I � M>\�? R Jp=l;#X>J0MH��f�G�;H\lAm?}5>8

��BFM>O�\g;HB�;>GmMinYMH�ST-J�IKIK; v 8���8 b C �9Je;i=�=�O�IKJ�? R ;2?0? R JeIKM�L�J�G�\lJ�L�O�fh?�A�M>BNA�=�J�s>J�Bi?lO�;HG�G�5�=�AmniB�Am��f*;>Bi?qAmB
? R JX=@J�B�=@J�? R ;H?eA�?�A�=);2?eG�J�;i=}?)MH�<? R JX=�;>I�J7M>\�L�J*\�;i=�? R J�J*\l\�Mi\�4�J*?}��J�J*BÌ? R J7IKM�L�J*G9;HB�L�? R J7Mi46]}J�f�?�A�s>J
� O�B�f�?�A�M>B-8(a�Jp? R J�B�= R M2�#? R ;2?^? R Jg?�\lO�=@?@xÿ\�J�n>A�M>B7\�;>L�AmO�=94�J�f*M>IKJ�=^;i=@53IK[�?�M>?�A�f*;>GmG�5YAm\l\lJ*G�J*s2;HBV?<A���? R J�=@?�J�[�=
?�J�B�LX?�M�H*J�\�M�8

�4:`Ç�Ç�Ð ¿Û¸��×o3O�[�[�MV=@Jp? R ;2?g��8�ch�3�e8 b C ;HB�L��e8 � R M>G�L�89o3O�[�[�MV=@J�;>G�=�M�? R ;H?�? R J*\lJ�J���A�=@?l=^;Y=�J��VO�J�B�f�J
(ki)

;>B�Lã;Kf�M>B�=}?�;HBV?
κ Á���â > 0

=�O�f R ? R ;2?

mki
(xki

) −mki
(xki

+ ski
) > κ Á���â ‖ski

‖
2
> 0

Z�b�8 jV_#\
� M>\�;>GmG

i
=@O6²�f*AmJ�Bi?lGm57G�;>\�niJ>8|6�AmB�;>GmG�5 C =�O�[�[�Mi=�Jp? R ;2?

lim
i→∞

‖ski
‖ = 0.

U R J*BãAm?�J�\l;H?�A�M>B
ki

A�=�=�O�f*f*J�=l=}� O�G-;>B�L

ρ̃ki+1 > η̃2
;HB�L

∆ki+1 > ∆ki

Z�b�8�jHa�\
� M>\

i
=@O6²�f*AmJ�Bi?lGm57G�;>\�niJ>8

ü$@y>0>�à ¸ aáJ)��\�=}?p;H[�[�Gm5NT-J�IKIK; v 8���8 bYM>� k M>B�BáJ�?�;HG{8EZ{jH]>]i]�\9?lM�L�J�L�O�f*J�? R ;2?pJ*siJ*\l5XAm?�J�\l;H?�A�M>B
kiA�=g=@O�f*f�Ju=�=@� O�G�� M>\

i
=�O6²�f�A�J*BV?lGm5ãG�;H\ln>J>8 � M2� C f�MiB�=@A�L�J�\

ki

MiB�J)=�O�f R Am?�J�\l;H?�A�M>B-8gU R JeJu�iO�;2?�A�M>B�=ýZ�b�8mcu]�\
;HB�LßZ�b�8 þ�\9AmIK[�G�5�? R ;2?<� M>\q=@MiI�J

ξki+1

;HB�L
ζki+1

AmB�? R J�=@J�n>IKJ*BV?
[xki

, xki+1]
C

|ρ̃ki+1 − 1| =

∣

∣

∣

∣

f(xki
) −mki+1(xki

)

mki+1(xki
) −mki+1(xki+1)

∣

∣

∣

∣

=

∣

∣

∣

∣

〈ski
,∇xxf(ξki+1)ski

〉 − 〈ski
,∇xxmki+1(ζki+1)ski

〉

− 〈ski
, gki+1〉 + 1

2
〈ski

,∇xxmki+1(ζki+1)ski
〉

∣

∣

∣

∣

6
‖ski

‖2 · ‖∇xxf(ξki+1) −∇xxmki+1(ζki+1)‖
∣

∣−〈ski
, gki+1〉 + 1

2
〈ski

,∇xxmki+1(ζki+1)ski
〉
∣

∣

Z�b�8 jGþ�\

� R J*\lJ)�9JK;HG�=@M�O�=�J�LN? R J k ;HO�f R 5Vx}o�f R �9;>\,H�A�B�J��VO�;>GmAm?}5>8�:95F=@O�4�=}?lA�?lO�?�A�B�n
gki+1 = ∇xf(xki+1)

Z�4�J*x
f*;HO�=@JXMH�q�e8 j�\e�^Am? R A�?�=�J���[�\lJ�=l=@A�M>B$A�B Z�b�8�cu��\ C ? R JãL�J*B�MiI�A�B�;H?�M>\

D
M>��? R JXG�;2?�?�J*\�� \�;>f�?�A�M>BÒf�;HBÒ4�J

\�J��^\�Am?@?lJ*Bã;>=

D =

∣

∣

∣

∣

−

〈

ski
, gki

+

∫ 1

0

∇xxf(xki
+ αski

)ski
dα

〉

+ 1

2
〈ski

,∇xxmki+1(ζki+1)ski
〉

∣

∣

∣

∣

.
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U R J*B C \�J�[�G�;if�A�B�n
−〈ski

, gki
〉

435�Am?l=^J*��[�\�Ju=�=�A�M>B7A�B Z�b�8mcwjG\ C �9J�M>4�?�;HA�B

D =

∣

∣

∣

∣

mki
(xki

) −mki
(xki+1) + 1

2
〈ski

,∇xxmki
(ψki

)ski
〉

+ 1

2
〈ski

,∇xxmki+1(ζki+1)ski
〉 −

〈

ski
,

∫ 1

0

∇xxf(xki
+ αski

)ski
dα

〉 ∣

∣

∣

∣

� M>\Y=@MiIKJ
ψki

AmBý? R JN=�J*niI�J�BV?
[xki

, xki+1]
8 U R J7?l\�A�;HB�n>G�JXA�B�J��VO�;>GmAm?}5 C [�\lM>[�J*\�?�A�J�=�MH��? R JãAmBV?lJ*n>\�;HG CZ�b�8�ji_G\ C ;>B�L k ;>O�f R 5Vx�o�f R �<;H\�H�A�B�J��VO�;>GmAm?}5�n>A�s>Jg? R J*\lJ�� Mi\�Jg? R Jp� M>G�GmM2�^A�B�n�GmM2�9J*\<4�M>O�B�L�MiB

D
z

D > |mki
(xki

) −mki
(xki+1)|

− 1

2

∣

∣

∣

∣

〈

ski
,

∫ 1

0

[∇xxf(xki
+ αski

) −∇xxmki
(ψki

)]ski
dα

〉

+

〈

ski
,

∫ 1

0

[∇xxf(xki
+ αski

) −∇xxmki+1(ζki+1)]ski
dα

〉 ∣

∣

∣

∣

> κ Á���â ‖ski
‖2 − 1

2
‖ski

‖

∫ 1

0

‖∇xxf(xki
+ αski

) −∇xxmki
(ψki

)‖ · ‖ski
‖ dα

− 1

2
‖ski

‖

∫ 1

0

‖∇xxf(xki
+ αski

) −∇xxmki+1(ζki+1)‖ · ‖ski
‖ dα

> ‖ski
‖2(κ Á���â − 1

2
εi)

Z�b�8 bi]�\
� R J*\lJ

εi
def
=

∫ 1

0

‖∇xxf(xki
+αski

)−∇xxmki
(ψki

)‖ dα+

∫ 1

0

‖∇xxf(xki
+αski

)−∇xxmki+1(ζki+1)‖ dα.

U R Jp?�\lA�;>B�n>G�JgAmB�Ju�VO�;HG�A�?}57B�M2� A�IK[�GmA�J�=^? R ;H?

‖∇xxf(xki
+ αski

) −∇xxmki
(ψki

)‖ 6 ‖∇xxf(xki
+ αski

) −∇xxf(xki
)‖

+ ‖∇xxf(xki
) −∇xxmki

(xki
)‖ + ‖∇xxmki

(xki
) −∇xxmki

(ψki
)‖

Z�b�8 b�c�\

;HB�L C =@A�IKAmG�;H\lGm5 C ? R ;H?

‖∇xxf(xki
+ αski

) −∇xxmki+1(ζki+1)‖ 6 ‖∇xxf(xki
+ αski

) −∇xxf(xki+1)‖

+ ‖∇xxf(xki+1) −∇xxmki+1(xki+1)‖ + ‖∇xxmki+1(xki+1) −∇xxmki+1(ζki+1)‖.

Z�b�8 bVjG\

o3AmB�f�J��9JgB�M2� M>4�=@J�\�siJ0? R ;2?

‖(xki
+ αski

) − xki
‖ 6 ‖ski

‖, ‖ψki
− xki

‖ 6 ‖ski
‖,

‖(xki
+ αski

) − xki+1‖ 6 ‖ski
‖, ‖ζki+1 − xki+1‖ 6 ‖ski

‖,

��JpIY;w57L�JuL�O�f�Jp? R ;2?�4�MH? R

‖∇xxf(xki
+ αski

) −∇xxmki
(ψki

)‖
;HB�L

‖∇xxf(xki
+ αski

) −∇xxmki+1(ζki+1)‖

f�M>B3siJ*\ln>J�?lMÌH*J*\lMã�^A�? R
‖ski

‖
4�Juf*;HO�=@J�? R JK��\l=@?�;HB�L�? R Am\�Lá?�J*\lIY=pMH��? R JY\lAmn R ?@x R ;HB�Lá=@A�L�JYM>�)Z�b�8 b�c�\

;HB�L Z�b�8 bijG\e?lJ*B�L ?lM H*J�\�M©435ýf*M>BV?�A�B3O�Am?}5ÒMH�p? R JN? R JFM>46]}Jufh?lAmsiJã� O�B�fh?lAmMiB-� =7;HB�LýIKM�L�J�G�� =[º0J�=l=@A�;HB�= C;HB�L�4�J�f*;>O�=�Jp? R J�IKA�L�L�G�J�?�J�\�I¼AmBã? R J�\lAmn R ?�x R ;HB�L�=@A�L�J�M>��? R J�=�J�A�B�J��VO�;>GmAm?�A�J�=�;>G�=�MYf�MiBVsiJ*\ln>Ju=�?lMRH*J�\�M
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4�Juf*;HO�=@J�M>�S��8��Y;HB�LNU R J*M>\lJ*I b�8ô_38<�0=g;Yf�MiB�=@Ju�VO�J*B�f*J C εi 6 κ Á���â � R J*B
i

A�=q=@O6²�f*AmJ�Bi?lGm5�G�;H\ln>J C ;HB�L
? R J�\�J*� M>\lJ C f�MiIe4�A�B�A�B�n;Z�b�8 jGþ�\�;HB�L¯Z�b�8 bi]�\ C ;HB�LXO�=�AmB�n�? R Jp?�\lA�;>B�n>G�JpAmB�J��VO�;HG�Am?}5 C �9JgMi4�?l;>AmB

|ρ̃ki+1 − 1| 6
2

κ Á���â ‖∇xxf(ξki+1) −∇xxmki+1(ζki+1)‖

6
2

κ Á���â
[

‖∇xxf(ξki+1) −∇xxf(xki+1)‖

+ ‖∇xxf(xki+1) −∇xxmki+1(xki+1)‖

+ ‖∇xxmki+1(xki+1) −∇xxmki+1(ζki+1)‖

] Z�b�8 bib�\

:�5á? R JX=l;HIKJ�\lJ�;>=�M>B�AmB�nN;i=�� M>\�Z�b�8 b�cy\{�7Z�b�8 bij�\ C ? R JX\�A�n R ?@x R ;>B�LÌ=@A�L�J�M>�ýZ�b�8 b>b�\q?�J�B�L�=e?�M*H�J*\lMN� R J*B
i

niMVJu=9?�M�A�B���B�A�?}5 C ;HB�L
ρ̃ki+1

? R J�\�J*� M>\lJp?�J�B�L�=^?lMFc>8��ÿ?qA�=<? R O�=0G�;>\�niJ*\<? R ;HB
η̃2 < 1

� M>\
i

=@O6²�f*AmJ�Bi?lGm5
G�;>\�niJg;>B�L¯Z�b�8�jHa�\|� MiGmG�M2��=�8

2

�0=�A�B$T-J�IKIK; v 8���8 � M>� k M>B�B©J*?);HG{84Z�j>]>]i]�\ C ��JYIY;w5Ì;H[�[�Gm5�? R A�=�\lJ�=�O�Gm?�?�Mã? R J�J*BV?lAm\lJ7=�J��VO�J*B�f�JYMH�
A�?lJ*\�;2?lJ�=|;HB�L�L�J�L�O�f*J^? R ;2?�;HG�G�Am?�J�\l;H?�A�M>B�=|;>\�J^J�s>J*BV?lO�;HG�Gm5)=@O�f�f�Ju=�=@� O�G�;>B�L)? R J^?l\�O�=}?�x{\lJ*niAmMiBe\�;>L�A�O�=¥4�M>O�B�L�J�L
;w�9;w5�� \lM>I H*J*\lM�8

� 6�\lM>I R J*\lJ^M>B C ? R J�? R J*M>\l5eA�B k MiB�BYJ�?�;>G�82Z�j>]>]>]�\�n>J�B�J*\�;HG�AIH�J�=¥�^Am? R MiO�?9=�A�n>B�Am��f*;>BV?�f R ;HB�niJ C 5VA�J*G�L�A�B�n
? R Jp� MiGmG�M2�^A�B�n)\lJ�=�O�Gm?l=�8

Ô�ÆE:�>�@C:`Ç ¿0¸��Îo3O�[�[�Mi=�J�? R ;2?g�e8mc��3�e8 � R M>G�LN;HB�L�? R ;2?
xki

A�=0;�=�O�4�=�J��VO�J�B�f�JeMH�¥? R J)A�?lJ*\�;2?lJ�=^niJ*B�x
J*\�;2?lJ�LÌ435á�0GmniM>\lA�? R I Z U Z f*M>B3s>J�\�niAmB�n7?lM�;ã��\�=}?�x{Mi\lL�J*\�f�\lAm?�A�f*;HG�[�MiAmBV?

x∗
� R J�\�J�? R J[º0J�=l=@A�;HB©M>�

? R J�M>4n]}J�fh?lAmsiJ�� O�B�f�?�A�M>B
∇xxf(x∗)

A�=0[�Mi=�A�?lAmsiJ)L�J*��B�Am?�Ji8go3O�[�[�MV=@Je� O�\@? R J*\lIKM>\lJ�? R ;2?
sk 6= 0

� Mi\q;HG�G
k

=@On²Yf*AmJ�BV?�G�5XG�;H\ln>Ji8�U R J�Bã? R Jef*M>IK[�G�J�?lJe=@Ju�VO�J*B�f*J�MH�|Am?�J*\�;2?lJ�=�f*M>B3s>J�\�niJ�=�?�M
x∗

C ;HG�G�Am?�J�\l;H?�A�M>B�=0;H\lJ
J*siJ*BV?�O�;>GmG�5�siJ*\l5�=@O�f�f�Ju=�=@� O�G C ;HB�LX? R Jp?�\lO�=}?�x{\lJ*niAmMiB7\�;>L�A�O�=

∆k

A�=^4�M>O�B�L�J�L�;w�<;w5K� \�MiI H*J�\�M�8

ü$@y>0>�à ¸ o3J�J�U R J*Mi\�J�I v 8���8���A�B k M>B�B�J�?0;>G�8ÛZ{jH]i]>]�\�8
2

aáJpB�M2�#[�\lM3MH��? R ;2?<A���? R Jp=@Ju�VO�J*B�f*JqM>�-A�?lJ*\�;2?lJ�=�\�J�IK;>AmB�=�A�BX;�f�MiI�[�;>fh?<=@J*? C ? R J*BX? R JgJ���A�=}?lJ*B�f*J0MH��;2?
GmJu;>=@?^M>B�J�=�J�f�MiB�L3xÿM>\�L�J*\<f�\lAm?�A�f*;HG-;if*f*O�IeO�G�;2?lAmMiBX[�M>A�BV?^A�=^niO�;H\�;HBV?lJ*J�L-8

Ô�ÆE:�>�@C:`Ç ¿0¸¨¹ × o3O�[�[�MV=@JF? R ;H?X��8�ch����8ô_ R M>G�L#;HB�LÒ? R ;2?ã;HG�G0Am?�J�\l;H?�J�=�\�J�IK;>AmB A�B =�M>IKJFf�MiI�[�;>fh?
=@J*?�8�U R J�BF? R J*\lJeJ*�3A�=@?l=p;2?gGmJu;>=@?qM>B�J)G�AmIKAm?g[�M>A�BV?

x∗
MH�|? R JY=@Ju�iO�J*B�f*JeMH�SAm?�J�\l;H?�Ju=

xk

[�\lM�L�O�f*J�LN435
��G�n>Mi\�Am? R I Z U Z C � R A�f R A�=^=�J�f�MiB�L3xÿM>\�L�J*\<f�\lAm?�A�f*;HG{8

ü$@y>0>�à ¸ o3J�J�U R J*Mi\�J�I v 8 v 8���A�B k M>B�B�J�?0;>G�8ÛZ{jH]i]>]�\�8
2

:�5ý]}O�=@?0=}?l\�J�B�nH? R J*B�A�B�n�? R Jg\�;>L�AmO�=<O�[�L�;H?�J�\lO�G�Jg435X\�Ju�iO�Am\lAmB�ne? R ;2?
A��
ρ̃k > η̃2

;>B�L
∆k 6 ∆max,

? R J*B
∆k+1 ∈ [γ3∆k, γ4∆k]

Z�b�8 b � \
� M>\g=@MiI�J

γ4 > γ3 > 1
;>B�LN=�M>IKJ

∆max > 0 C �9JeIKM>\lJ*M2siJ*\^M>4�?l;HA�BN? R J)=�J�f*M>B�L3xÿM>\�L�J�\0f�\lA�?lA�f�;HG�A�?}5�MH��;>B35
GmA�IKA�?�[�M>A�BV?�MH��? R J�=�J��VO�J�B�f�JpMH�¥Am?�J*\�;2?lJ�=<niJ*B�J�\l;H?�J�L74357��G�n>Mi\�Am? R I Z U Z 8
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Ô�ÆE:�>�@C:`Ç ¿0¸¨¹2¹ o3O�[�[�MV=@J)? R ;2?���8�ch�3�e8�_ C ;HB�L8Z�b�8 b � \ R M>G�L�;HB�LFG�J�?
x∗

4�J�;>B35NGmA�IKA�?�[�M>A�Bi?pMH��? R J
=@Ju�VO�J*B�f*JpMH�¥A�?lJ*\�;2?�Ju=*8|U R J�B

x∗
A�=^;Y=@Juf�MiB�L3xÿM>\�L�J*\<f�\lA�?lA�f�;HG�[�M>A�BV?�8

ü$@y>0>�à ¸¢o3J*J�U R J�M>\lJ*I v 8 v 8 a)A�B k MiB�B�J�?0;HG{80Z{jH]>]i]�\�8
2

U R O�=|? R J0\lJ�?�\lMi=�[�J�fh?lAmsiJ<?�\lO�=@?@xÿ\�J�n>A�M>BY;HG�n>Mi\�Am? R I = R ;H\lJ�=S;>GmG�? R J�Z A�Bi?lJ*\lJ�=@?�A�B�n�\Sf�M>B3siJ*\ln>J*B�f�J<[�\lM>[�J*\�?�A�J�=
MH��? R Je4�;>=�A�fq?l\�O�=@?@xÿ\lJ*n>A�M>B�IKJ�? R M�LXO�B�L�J*\0? R J�=l;HIKJ�;i=�=�O�IK[�?�A�M>B�=*8
a�J�f�MiB�f�G�O�L�Jp? R A�=^? R J*M>\l57=�J�f�?�A�M>Bã435
B�MH?lAmB�n)? R ;2?^? R J�;H4�M2s>Jpf�MiB3s>J*\ln>J�B�f�Jg\lJ�=�O�G�?�=^;H\lJg=@?�A�G�G-s2;HG�A�L�Am��MiB�J�\�J�[�G�;>f�Ju=�? R J y O�f�G�A�L�Ju;HBãB�Mi\�I¢435�;HB35
Z [�Mi=l=@A�4�G�5ÌA�?lJ*\�;2?�A�M>BýL�J*[�J*B�L�J*BV?�\)O�B�Am� M>\lIKGm5©Ju�VO�Ams2;>GmJ�Bi?�B�M>\lI C ? R J*\lJ*435©;HG�GmM2�^A�B�nF[�\lM>4�GmJ�I =lf*;>GmA�B�n�;HB�L
[�\lJ�f�MiB�L�Am?�A�M>B�A�B�n�8

� � O�eispV u VpLTq�OE¶ L�SÌu e�O�VpUbqýs«e��Rghe�O�VpeiLTUbe

aáJ^B�M2��f*M>B�=�A�L�J*\¥? R J�B3O�IKJ*\lA�f�;HG�4�J R ;ws3A�M>O�\|M>��? R J�B�J���;>GmniM>\lA�? R I C AmB�f*M>IK[�;>\�A�=@MiBe�^Am? R ? R J^4�;>=�A�f9?�\lO�=}?�x
\�J�n>A�M>BÒ;>GmniM>\lA�? R I :<U Z Z�=�J*J�[�;>n>J�c>c v MH� k MiB�BÒJ*?K;>G�8iZ{jH]>]i]�\,\h8 a�JX?lJ�=@?�4�MH? R ;>GmniM>\lA�? R IY=eMiBý;>GmG<MH�
? R J7c � v O�B�f�MiB�=}?l\l;>AmB�J�L�[�\lM>4�G�J*IY=^M>��? R J���� �"!$#Sf*M>G�GmJufh?�A�M>B�Z�=@J�Je�gM>O�G�L C dq\�4�;HBN;HB�LNU�M>A�BV? C jH]>]ib�\�8�6�Mi\
? R J�[�\�Mi4�GmJ�IY=^� R Mi=�J�L�A�I�J�B�=�AmMiB�IY;w5�4�Jef R ;>B�n>JuL C �9J�f R Mi=�J�;K\�Ju;>=�M>B�;>4�Gm5�=�IY;HG�G-s2;HG�O�J�A�B�Mi\lL�J*\^B�M>?^?�M
M2s>J�\�G�Mi;iL�? R J%��� �"!$#9AmBV?lJ*\���;>f�J��^Am? R "©+3�'&>+ ( 8KU R JY=}?�;H\�?�A�B�n�[�MiAmBV?l=�;>\�J)? R JK=@?l;>B�L�;>\lL�M>B�Ju=p[�\�M2s3A�L�J�L
435Y? R J)��� �*!$#�G�Am4�\�;H\l5>8

6�M>\p? R JY4�;i=@A�fK;HG�n>M>\lAm? R I C ? R JK?�\lO�=@?@xÿ\�J�n>A�M>BF\�;>L�A�O�=pO�[
L�;H?�JY�<;>=gAmIK[�G�J*IKJ�Bi?lJ�L�435�O�=�A�B�n�? R J�=�AmIK[�G�J
\�O�GmJRZ�;>B�LX? R J�f*M>\l\�Ju=@[�M>B�L�AmB�ne[�;>\l;>I�J*?�J�\l=�\S[�\�Mi[�MV=@JuL7A�B k MiB�BãJ�?0;>G�8ÛZ{jH]>]i]�\ C [�8�_2aVj�z

∆k+1 =











max(α1‖sk‖,∆k)
Am�
ρk > η2

C
∆k

Am�
ρk ∈ [η1, η2)

C
α2‖sk‖

Am�
ρk < η1

C
� R J*\lJ

α1

A�=�����J�LÌ;2?
2.5 C α2

;H?
0.25 C η1 ;H?
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Comparison between the retrospective and the basic TR algorithm
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