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Abstract

A new method is introduced for solving equality constrained nonlinear optimiza-
tion problems. This method does not use a penalty function, nor a barrier or a filter,
and yet can be proved to be globally convergent to first-order stationary points.
It uses different trust-regions to cope with the nonlinearities of the objective func-
tion and the constraints, and allows inexact SQP steps that do not lie exactly in
the nullspace of the local Jacobian. Preliminary numerical experiments on CUTEr
problems indicate that the method performs well.

Keywords: Nonlinear optimization, equality constraints, numerical algorithms, global con-
vergence.

1 Introduction

We consider the numerical solution of the equality constrained nonlinear optimization

problem
{ min  f(z)

) =0, (1.1)

where we assume that f : R" — R and ¢ : R™ — R™ are twice continuously differentiable
and that f is bounded below on the feasible domain.

The present paper introduces a new method for the solution of (1.1), which belongs to
the class of trust-region methods for constrained optimization, in the spirit of Omojokun
(1989) in a Ph.D. thesis supervised by R. Byrd, and later developed by several authors,
including Biegler, Nocedal and Schmid (1995), El-Alem (1995, 1999), Byrd, Gilbert and
Nocedal (2000a), Byrd, Hribar and Nocedal (2000b), Liu and Yuan (2000) and Lalee,
Nocedal and Plantenga (1998) (also see Chapter 15 of Conn, Gould and Toint, 2000).

The algorithm presented here has four main features. The first is that it attempts
to consider the objective function and the constraints as independently as possible by
using different models and trust regions for f and c¢. As is common to the methods
cited, the steps are computed as a combination of normal and tangential components, the
first aiming to reduce the constraint violation, and the second at reducing the objective
function while retaining the improvement in violation by remaining in the plane tangent
to the constraints, but only approximately so. This framework can thus be viewed as a
sequential quadratic programming technique that allows for inexact tangential steps, which
is the second main characteristic of our proposal (shared with Heinkenschloss and Vicente,
2001, and the recent paper by Byrd, Curtis and Nocedal, 2006). The third distinctive
feature is that the algorithm is not compelled to compute both normal and tangential steps
at every iteration, rather only to compute whichever is/are likely to improve feasibility
and optimality significantly. Thus if an iterate is almost feasible, there is little point in
trying to further improve feasibility while the objective value is far from optimal. The
final central feature is that the algorithm does not use any merit function (penalty, barrier,
or otherwise), thereby avoiding the practical problems associated with the setting of the
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merit function parameters, but nor does it use the filter idea first proposed by Fletcher
and Leyffer (2002). Instead, the convergence is driven by the trust funnel, a progressively
decreasing limit on the permitted infeasibility of the successive iterates.

It is, in that sense and albeit very indirectly, reminiscent of the “flexible tolerance
method” by Himmelblau (1972), but also of the “tolerance tube method” by Zoppke-
Donaldson (1995) and the SQP method by Bielschowsky and Gomes (2006). All these
methods use the idea of progressively reducing constraint violation to avoid using a penalty
parameter. Both of the more modern algorithms are of the trust-region type, but differ
significantly from our proposal. The first major difference is that they both require the
tangential component of the step to lie exactly in the Jacobian’s nullspace: they are
thus “exact” rather than “inexact” SQP methods. The second is that they both use a
single trust region to account simultaneously for constraint violation and objective function
improvement. The third is that both limit constraint violation a posteriori, once the true
nonlinear constraints have been evaluated, rather than attempting to limit its predicted
value a priori. The “tolerance tube” method resorts to standard second-order correction
steps when the iterates become too infeasible. No convergence seems to be available for
the method, although the numerical results appear satisfactory. At variance, the method
by Bielschowsky and Gomes (2006) is provably globally convergent to first-order critical
points. It however involves a “restoration” phase (whose convergence is assumed) to
achieve acceptable constraint violation in which the size of normal component of the step
is restricted to be a fraction of the current infeasibility limit. This limit is updated using
the gradient of the Lagrangian function, and the allowable fraction is itself computed from
the norm of exact projection of the objective function gradient onto the nullspace of the
constraints’ Jacobian.

The paper is organized as follows. Section 2 introduces the new algorithm, whose con-
vergence theory is presented in Section 3. Section 4 presents preliminary numerical results
on CUTEr test problems; conclusions and perspectives are finally outlined in Section 5.

2 A trust-funnel algorithm

Let us measure, for any x, the constraint violation at x by
def
0(z) = 4lle(2)]|? (2.1)

where ||| denotes the Euclidean norm. Now consider iteration k, starting from the iterate
o, for which we assume we know a bound 0 such that L|/c(zy)||? < 0> |

Firstly, a normal step ny, is computed if the constraint violation is significant (in a sense
to be defined shortly). This is achieved by reducing the Gauss-Newton approximation

%Hck + Jkn||2 (2.2)

to 6(xk +ny)—here we write ¢, def c(xy) and Jy def J(xy) is the Jacobian of ¢ at x—while
requiring that ni remains in the “normal trust region”, i.e.,

ne €N & {v e R™ | v]| < A%} (2.3)

More formally, this Gauss-Newton-type step is computed by choosing nj so that (2.2) is
reduced sufficiently within Ny in the sense that

175 ckl

def .
5" = el = tller + Jrnkll® = KuollJ ek | min {ma

A;} >0, (2.4)

where Wy = JkTJ;c is the symmetric Gauss-Newton approximation of the Hessian of 6 at
zr and K, > 0. Condition (2.4) is nothing but the familiar Cauchy condition for problem
approximately minimizing (2.2) within the region M. In addition, we also require the
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normal step to be “normal”, in that it mostly lies in the space spanned by the columns of
the matrix JkT by imposing that

[l < knllexl (2.5)

for some k, > 0. These conditions on the normal step are very reasonable in practice, as
it is known that they hold if, for instance, ny is computed by applying one or more steps
of a truncated conjugate-gradient method (see Toint, 1981, and Steihaug, 1983) to the
minimization of the square of the linearized infeasibility. Note that the conditions (2.3),
(2.4) and (2.5) allow us to choose a null normal step (ny = 0) if xy, is feasible.

Having computed the normal step, we next consider if some improvement is possible
on the objective function, while not jeopardizing the infeasibility reduction we have just
obtained. Because of this latter constraint, it makes sense to remain in Ay, the region
where we believe that our model of constraint violation can be trusted, but we also need
to trust the model of the objective function given, as is traditional in sequential quadratic
programming (see Section 15.2 of Conn et al., 2000), by

mi(xr +ng +1) = fir + (g8, 1) + 5(t, Git) (2.6)
where dof
g8 = gr + Grni, (2.7)

where fr = f(xg), g = Vf(xr) and where Gj is a symmetric approximation of the
Hessian of the Lagrangian {(z,y) = f(x) + (y, c(z)) given by

def

Gr = Hy+ Y _[9iCik- (2.8)
i=1

In this last definition, Hy, is a bounded symmetric approximation of V2 f(xy), the matrices
C;1, are bounded symmetric approximations of the constraints’ Hessians V ,,.¢;(x)) and the
vector g may be viewed as an approximation of the local Lagrange multipliers, in the
sense that we require that

lgellllesll < s, (2.9)

for some k, > 0. Note that this condition does not impose any practical size restriction
on 7 close to the feasible set, and therefore typically allows the choice g = yr_1, for
suitable multiplier estimates y;_1 computed during the previous iteration, when xy, is close
to feasibility. We assume that (2.6) can be trusted as a representation of f(xy + ny +t)
provided the complete step s = ng + t belongs to

def

T = {s e R" | |s] < A}, (2.10)

for some radius A£ . Thus our attempts to reduce (2.6) should be restricted to to the
intersection of N, and 7y, which imposes that the tangential step tj results in a complete
step sk = ny + tr that satisfies the inclusion

s € B E N NT Y s e R | |Is]| < Al (2.11)

where the radius Ay of By, is thus given by
Ay, = min[A§, Af]. (2.12)

As a consequence, it makes sense to ask ny to belong to By before attempting the com-
putation of tj, which we formalize by requiring that

[l < KeAy, (2.13)

for some kg € (0,1). We note here that using two different trust-region radii can be
considered as unusual, but is not unique. For instance, the SLIQUE algorithm described
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by Byrd, Gould, Nocedal and Waltz (2004) also uses different radii, but for different models
of the same function, rather than for two different functions.

We still have to specify what we mean by “reducing (2.6)”, as we are essentially inter-
ested in the reduction in the hyperplane tangent to the constraints. In order to compute
an approximate projected gradient at xp + ng, we first compute a new local estimate of
the Lagrange multipliers y; such that

e+ (T8 1 gh | < wi(llexll) (2.14)

for some monotonic bounding function™ wy, the superscript ! denoting the Moore-Penrose
generalized inverse, and such that

el < sallggl (2.15)
for some k,, > 0, and
(gr+7) >0, (2.16)
where ot
= gy + i Uk (2.17)

is an approximate projected gradient of the model my at zj + ni. Conditions (2.14)—
(2.16) are reasonable since they are obviously satisfied by choosing yi to be a solution of
the least-squares problem

min g3 + Ty, (2.18)

and thus, by continuity, by sufficiently good approximations of this solution. In practice,
one can compute such an approximation by applying a Krylov space iterative method
starting from y = 0. If the solution of (2.18) is accurate, ry, is the orthogonal projection of
gy onto the nullspace of J, which then motivates that we then require the tangent step
to produce a reduction in the model mj which is at least a fraction of that achieved by
solving the modified Cauchy point subproblem

min my (g + Nk — Trg), (2.19)
>0
Tpt+ng—TrREBL

where we have assumed that |7 || > 0. We know from Section 8.1.5 of Conn et al. (2000)
that this procedure ensures, for some ¢, € (0,1], the modified Cauchy condition
it

mg(zk + nk) — mi(xk + ng + ) > Keea T min Trllrell| >0 (2.20)

T
L+ [|Grll’
on the decrease of the objective function model within By, where we have set

T déf <ggark>
[l

>0 (2.21)

(by convention, we define 7, = 0 whenever r;, = 0), and where

= Pt VB + AR — [l
75l

(2.22)

is the maximal steplength along —rj from z; + nj; which remains in the trust-region B,

where we have used the definition 3, & (ng, ) /||7x]|. We then require that the length of
that step is comparable to the radius of By, in the sense that, for some «, € (0,/1 — k32),

Tillrll > KA (2.23)

(D'Here and later in this paper, a bounding function w is defined to be a continuous function from R4
into R with the property that w(t) converges to zero as t tends to zero.
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When ny, lies purely in the range of JI and the least-squares problem (2.18) is solved
accurately, then 8y = 0 and (2.23) holds with k, = /1 — k2 because of (2.13). Hence
(2.23) must hold with a smaller value of &, if (2.18) is solved accurately enough. As a
result, the modified Cauchy condition (2.20) may now be rewritten as

5£’t def my(xk + ng) — mi(zr + ng + ty) > Ko, min [La Ak} (2.24)
L+ (|Gl

with K. def Kicorke € (0,1). We see from (2.24) that 73, may be considered as an optimality
measure in the sense that it measures how much decrease could be obtained locally along
the negative of the approximate projected gradient r,. This role as an optimality measure
is confirmed in Lemma 3.2 below.

Our last requirement on the tangential step tj is to ensure that it does not completely
“undo” the improvement in linearized feasibility obtained from the normal step without
good reason. We consider two possible situations. The first is when the predicted decrease
in the objective function is substantial compared to its possible deterioration along the
normal step and the step is not to large compared to the maximal allowable infeasibility,
i.e. when both

5£’t > 7@55]{’” def 7/%5[mk(1'k) — mk(xk + nk)] (2.25)

[skll < kar/O7™, (2.26)

for some Ks € (0,1) and some kA > 0. In this case, we allow more freedom in the linearized
feasibility and merely require that

and

%Hck + Jk(nk + tk)HQ < Htteglax (227)

for some k., € (0,1). If, on the other hand, (2.25) or (2.26) fails, meaning that we cannot
hope to trade some decrease in linearized feasibility for a large improvement in objective
function value over a reasonable step, then we require that the tangential step satisfies

Hck + Jk(nk + tk)||2 < fimHCkHQ + (1 — /‘im)”Ck + Jknk||2 def Vi, (2.28)
for some £, € (0,1). Note that this inequality is already satisfied at the end of the normal
step since ||cg + Jpngl| < |lck|| and thus already provides a relaxation of the (linearized)
feasibility requirement at xy +ng. Figure 2.1 on the following page illustrate the geometry
of the various quantities involved in the construction of a step sy satisfying (2.28)

Finally, we observe that a tangential step does not make too much sense if r, = 0, and
we do not compute any. By convention we choose to define 7 = 0 and ¢ = 0 in this
case. The situation is similar if 7, is small compared to the current infeasibility. Given a
monotonic bounding function wy, we thus decide that if

k> wa(llek|]), (2.29)

fails, then the current iterate is still too far from feasibility to worry about optimality, and
we also skip the tangential step computation by setting t; = 0.

In the same spirit, the attentive reader may have observed that we have imposed the
current violation to be “significant” as a condition to compute the normal step ng, but
didn’t specify what we formally meant, because our optimality measure 7, was not defined
at that point. We now complete our description by requiring that, for some bounding
function ws, we require the computation of the normal step only when

llexll > wa(mr—1) (2.30)

when k > 0. If (2.30) fails, we remain free to compute a normal step, but we may also
skip it. In this latter case, we simply set n; = 0. For technical reasons which will become
clear below, we impose the additional conditions that

w3(t) =0<=t=0 and wa(ws(t)) < Kyt (2.31)
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cr,+Jks =0

lew + Jisl? < O T
| —= |

\ —9Jk e

| —= |

Figure 2.1: The components of a step sj satisfying (2.28) in the case where A£ = Af.

for all ¢ > 0 and for some k,, € (0,1).

While (2.29) and (2.30) together provide considerable flexibility in our algorithm in
that a normal or tangential step is only computed when relevant, our setting also produce
the possibility that both these conditions fail. In this case, we have that s = ni + ti
is identically zero, and the sole computation in the iteration is that of the new Lagrange
multiplier yx; we will actually show that such behaviour cannot persist unless xy, is optimal.

Once we have computed the step s, and the trial point

ot g+ s (2.32)

completely, we are left with the task of accepting or rejecting it. Our proposal is based on
the distinction between f-iterations and c-iterations, in the spirit of Fletcher and Leyffer
(2002), Fletcher, Leyffer and Toint (20020) or Fletcher, Gould, Leyffer, Toint and Wéchter
(2002a). Assuming that s # 0, we will say that iteration k is an f-iteration if a nonzero
tangential step ¢ has been computed and if

def
5£ = mk(xk) — mk(xk + sg) > Ii(;(slf’t (2.33)

with kg =1 — 1/Rs, and
O(z;) < o= (2.34)

If s # 0 and one of (2.33) or (2.34) fails or if no tangential has been computed, because
(2.13) or (2.29) fails, iteration k is said to be a c-iteration. Inequality (2.33) indicates
that the improvement in the objective function obtained in the tangential step is not
negligible compared to the change in f resulting from the normal step, while at the same
time, keeping feasibility within reasonable bounds, as expressed by (2.34). Thus the
iteration’s expected major achievement is, in this case, a decrease in the value of the
objective function f, hence its name. If (2.33) fails, then the expected major achievement
(or failure) of iteration k is, a contrario, to improve feasibility, which is also the case when
the step only contains its normal component. Finally, if s, = 0, iteration k is said to be
a y-iteration because the only computation potentially performed is that of a new vector
of Lagrange multiplier estimates. The main idea behind the technique we propose for
accepting the trial point is to measure whether the major expected achievement of the
iteration has been realized.
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o If iteration k is a f-iteration, we accept the trial point if the achieved objective
function reduction is comparable to its predicted value. More formally, the trial
point is accepted (i.e., zy41 = x) if

o +
of Gt W > (2.35)
k

and rejected (i.e., xx+1 = ) otherwise. The radius of 7 is then updated by

[Ai,oo) if p£ > 19,
Al €l AL ALl i pl € ), (2.36)
(MA]wRALif pf <,

where the constants 71, 72, 71, and 2 are given and satisfy the conditions 0 < 77 <
Ny <1 and 0 < <9 < 1, as is usual for trust-region methods. The radius of NV}
is possibly increased if feasibility is maintained well within its prescribed bounds, in
the sense that

Af. € [AG, +00) if O(z)) < b and pf >m (2.37)
for some constant 73 € (0,1), or
Al = A (2.38)

otherwise. The value of the maximal infeasibility measure is also left unchanged,
that is 6727 = 072, Note that (2.33) implies that 5,]: > 0 because 6£’t > 0 unless xj,
is first-order critical, and hence that condition (2.35) is well-defined.

e If iteration k is a c-iteration, we accept the trial point if the achieved improvement
in feasibility is comparable to its predicted value Jj & 3|exll? = Lllex + Jrskl|?, and
if the latter is itself comparable to its predicted decrease along the normal step, that
is if - (=)

, . def () — 0(x
Op > Ken0y" and  pp = Tk >m (2.39)
for some k., € (0,1). If (2.39) fails, the trial point is rejected. The radius of Ny is
then updated by

(A, 00) if p§ > and 0f > k..0;",
AiJrl & [’}/QAi,Ai] if pi e [’171,772) and 61% Z HC“(S;,,”’ (240)
1A, AT if pf <m or 0 < K0

and that of 7 is unchanged: A£ = A£ . We also update the value of the maximal
infeasibility by

e { max [y 0%, 0(2)) + Koo (0(zr) — 0(z;))] i (2.39) holds (2.41)

Rl gmax otherwise,
for some k., € (0,1) and k., € (0,1).

e If iteration k is a y-iteration, we do not have any other choice than to restart with
Tk+1 = Tk using the new multipliers. We then define

Al =Al and Af, =Af (2.42)

and keep the current value of the maximal infeasibility ;77 = ;7.

We are now ready to state our complete algorithm, Algorithm 2.1 on the next page.
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Algorithm 2.1: Trust-funnel Algorithm

Step 0: Initialization. An initial point xp, an initial vector of multipliers y_;
and positive initial trust-region radii Ag and Af are given. Define 05'** =
Max[Kea, Ke:(20)] for some constants k., > 0 and k., > 1. Set k = 0.

Step 1: Normal step. Possibly compute a normal step nj that sufficiently reduces
the linearized infeasibility (in the sense that (2.4) holds), under the constraint
that (2.3) and (2.5) also hold. This computation must be performed if k = 0 or
(2.30) holds when &k > 0.

If (2.30) fails and ny has not been computed, set ng = 0.

Step 2: Tangential step. If (2.13) holds, then
Step 2.1: select a vector ¢, satisfying (2.9) and define Gy, by (2.8);
Step 2.2: compute y; and 7 satisfying (2.14)—(2.17) and (2.23);
Step 2.3: If (2.29) holds, compute a tangential step ¢, that sufficiently re-
duces the model (2.6) (in the sense that (2.24) holds), preserves linearized

feasibility enough to ensure either all of (2.25)-(2.27) or (2.28), and such
that the complete step sx = ny, + ty satisfies (2.11).

If (2.13) fails, set y, = 0. In this case or if (2.29) fails, set t;, = 0 and s = ny.

In all cases, define xz =z + Sk.

Step 3: Conclude a y-iteration. If sy =0, then
Step 3.1: accept xz = x;

Step 3.2: define A], | = Af and Af, | = AY;
Step 3.3: set 077 = 0.

Step 4: Conclude an f-iteration. If ¢, # 0 and (2.33) and (2.34) hold,
Step 4.1: accept z; if (2.35) holds;
Step 4.2: update A£ according to (2.36) and Af according to (2.37)-(2.38);
Step 4.3: set 077 = 0.

Step 5: Conclude a c-iteration. If s, # 0 and either ¢; = 0 or (2.33) or (2.34)
fail(s),
Step 5.1: accept z; if (2.39) holds;
Step 5.2: update Af, according to (2.40);
Step 5.3: update the maximal infeasibility 0}*** using (2.41).

Step 5: Prepare for the next iteration. If xz has been accepted, set xx4+1 = CCZ,_,
else set g1 = x. Increment k by one and go to Step 1.




Gould, Toint: Nonlinear programming without a penalty function or a filter 9

We now comment on Algorithm 2.1. If either (2.35) or (2.39) holds, iteration k is called
successful. It is said to be very successful if either p£ > 1n2 Or py, > 12, in which case none
of the trust-region radii is decreased. We also define the following useful index sets:

Sk | appr = 27}, (2.43)

the set of successful iterations,

VY Ik sk =01, FY{k|tr#0and (2.33) and (2.34) hold} and C % IN\(YUF),

the sets of y-, f- and c-iterations. We further divide this last set into
Cw=CnN{k|tr #0and (2.25)—(2.27) hold} and C;=C\ Cy. (2.44)

Note that (2.28) must hold for k € C;.

We first verify that our algorithm is well-defined by deducing a useful “Cauchy-like”
condition on the predicted reduction in the infeasibility measure 6(z) (whose gradient is
J(x)Tc(x)) over each complete iteration outside Y U C,,.

Lemma 2.1 For all k ¢ Y UC,, we have that

c 7 | el e
8% > Kesl| I k|| min AS| >0, (2.45)

L+ Wi 7% =
for some K,c, > 0.

Proof. We first note that our assumption on k implies that (2.28) holds for each k
such that ty # 0. In this case, we easily verify that

26¢

I
o
=
BES)

|
o
=
_l’_
=

»
=
)

(1= Kp) [

2(1 — Ky bnc|| i cx|| min {

Y
o
Ea
S

el = (1 = ko)llen + Jeng||?
|exll? = llew + Jrnwl|?]

[Fesll n
T+l ]

Y

where we have used (2.28) and (2.4) successively. The inequality (2.45) then results
from the definition K,co = (1 — Kn)Kac. If, on the other hand, ¢, = 0, then (2.45)
directly follows from (2.4) with K,co = Knc. O

Note that, provided si # 0, this result ensures that the ratio in the second part of (2.39)
is well defined provided ||.J cx|| > 0. Conversely, if ||cx|| = 0, then iteration k& must be an
f-iteration, and (2.39) is irrelevant. If ||J cx|| = 0, but ||ck|| = 0, then zy, is an infeasible
stationary point of 6, an undesirable situation on which we comment below. We next show
a simple useful property of y-iterations.

Lemma 2.2 For all k € ),
Tk < RwTk—1-

Proof.  This immediately results from the fact that both (2.30) and (2.29) must
fail at y-iterations, yielding that m; < wa(||ck|]) < wa(ws(mr—1)) where we used the
monotonicity of we. The desired conclusion follows from the second part of (2.31). O

We conclude this section by stating an important direct consequence of the definition of
our algorithm.

Lemma 2.3 The sequence {07?**} is monotonically decreasing and the inequality
0 <0(x;) < O (2.46)
holds for all j > k.
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Proof. This results from the initial definition of "** in Step 0, the inequality (2.34)
(which holds at f-iterations), the fact that 6;”** is only updated by formula (2.41) at
successful c-iterations, at which Lemma 2.1 ensures that Jj, > 0. O

The monotonicity of sequence {6;"**} is what drives the algorithm towards feasibility and,
ultimately, to optimality: the iterates can be thought as flowing towards a critical point
through a funnel centered on the feasible set. Hence the algorithm’s name. Note finally
that Lemma 2.3 implies that

o€ LY {2 e R | 0(z) < O}

for all £ > 0.

3 Global convergence to first-order critical points

Before starting our convergence analysis, we recall our assumption that both f and c are
twice continuously differentiable. Moreover, we also assume that there exists a constant
g such that, for all for all £ in (J,[zk, zz] UL, all kand alli e {1,...,m},

1+ max [{|gell, [ Vaa f (I IVazci (O 1T 1 Hill, [|Cirll] < Fosr. (3.1)

When Hj, and Cyy, are chosen as V., f(zx) and Vzc;(xy), respectively, this last assump-
tion is for instance satisfied if the first and second derivatives of f and ¢ are uniformly
bounded, or, because of continuity, if the sequences {z;} and {z{ } remain in a bounded
domain of R".

We finally complete our set of assumptions by supposing that

f(@) > fiow forall zeL. (3.2)

This assumption is often realistic and is, for instance, satisfied if the smallest singular
value of the constraint Jacobian J(z) is uniformly bounded away from zero. Observe that
(3.2) obviously holds by continuity if we assume that all iterates remain in a bounded
domain.

We first state some useful consequences of (3.1).

Lemma 3.1 For all k,
L4 ||We| < K3, (3.3)

gl < (1 + 5,\/208% + mik i, )k <k, (3.4)
Proof. The first inequality immediately follows from

L Wil = 1+ [[Jell* < (1 + [1k])* < 3,

where the last inequality is deduced from (3.1). The bound (3.4) is obtained from
(2.7), the inequality

gz 1l < Nlgell + 1Gxl el < lgell + o[ 7kl Hlewll + mllgel llexll  max ICkll],

Lemma 2.3, (2.9) and (3.1). a
We also establish a useful sufficient condition for first-order criticality.
Lemma 3.2 Assume that, for some infinite subsequence indexed by IC,

gl flegll = 0. (3.5)
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Then
k—»EOI,IlleEIC 9i = k—><1>ior,rli€lc Jk: (3.6)
If, in addition,
k%loioI,IllcelC 7 =0, (3.7)

then

li Jrye=0 and i
m ’Cgk—i— i Yk an kHl

Prgk]| =0 3.8
o lim {1 Pkgkll =0, (3.8)

where Py is the orthogonal projection onto the nullspace of Ji, and all limit points of the
sequence {xy treic (if any) are first-order critical.

Proof. Combining the uniform bound (3.4) with (2.15), we obtain that the se-
quence {||7x||} is uniformly bounded and therefore can be considered as the union of
convergent subsequences. Moreover, because of (2.5), the limit (3.5) first implies that

li =0 3.9

k—»olor,rllcelC K ’ (3.9)

which then implies with (2.9) and (3.1) that (3.6) holds. This limit, together with
(2.14) and (2.17), ensures that

li = i Jlyl = i —JNIMN gl = 1 P,
e = o o] = T o = iUl = P
(3.10)

where we have restricted our attention on a particular subsequence indexed by P C K
such that the limit in the left-hand side is well-defined. Assume now that this limit is a
nonzero vector. Then, using now (2.21), (3.9), (3.6) and the hermitian and idempotent
nature of Py, we have that

. B . (9r> k) B . {9k, Prgr)
lm m = lim = m "
k—o00,keP k—oo,keP |1y k—oo,keP || Pyl (3.11)
B (Prgr, Pegr) : .
m ~— " = lim || Prgkl-
k—o0,keP ||Pkgk|| k—o0,keP

But (3.7) implies that this latter limit is zero, and (3.10) also gives that rj, must
converge to zero along P, which is impossible. Hence limy_,o0 ke 7 = 0 and the
desired conclusion then follows from (3.10). |

This lemma indicates that all we need to show for first-order global convergence are the
two limits (3.5) and (3.7) for an index set K as large as possible. Unfortunately, and as
is unavoidable with local methods for constrained optimization, our algorithm may fail to
produce (3.5)—(3.7) and, instead, end up being trapped by a local infeasible stationary of
the infeasibility measure (x). If x, is such a point, then

J(xo) e(xs) =0 with ¢(zo) # 0.

If started from z, Algorithm 2.1 will fail to progress towards feasibility, as no suitable nor-
mal step can be found in Step 1. A less unlikely scenario, where there exists a subsequence
indexed by Z such that

lim |[Jfepl| =0 with  liminf_|lexl| >0, (3.12)
k—oo,k€eZ k—oo,keZ

indicates the approach of such an infeasible stationary point. In both cases, restarting
the whole algorithm from a different starting point might be the best strategy. Barring
this undesirable situation, we would however like to show that our algorithm converges
to first-order critical points for (1.1), whenever uniform asymptotic convexity of 6(z) in
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the orthogonal of the nullspace of Jj is obtained when feasibility is approached. More
specifically, we assume from now on that, for some small constant . € (0,1),

there exists x, € (0,1) such that omin(Jx) > K, whenever |c(xg)| < ke, (3.13)

where opmin(A) is the smallest positive singular value of the matrix A. It is important
to note that this assumption holds by continuity if J(x) is Lipschitz continuous and
Omin(J(2)) uniformly bounded away from zero on the feasible set, in which case the Ja-
cobian of the constraints has constant rank over this set. This assumption also ensures
that, for any subsequence indexed by K such that (3.5) holds, k1 > 0 exists such that for
k>ki,kek,

[ Tksll = wsllsi (3.14)

where skR’ def (I — Py)sy is the projection of s onto the range space of JkT. We also obtain

the following useful bound.
Lemma 3.3 There exists a constant k¢ > Ky such that, 1 + |G| < k¢ for every k.

Proof. In view of (2.14), of the monotonicity of wy, (2.9) and (3.4), (3.13) yields,

when ||cx|| < k., that

gl
K

<wi(k.) + =y
R

1]l < wi(llexl]) +

On the other hand, if when ||cg|| > k., then (2.9) gives that
K K

1951l < —H <

_y
llekll = ke

Hence the desired conclusion follows from (2.8) and (3.1), with
Ko def Ku + Mky Mmax {wl(m) + E, &] > Ky.
Ky Ke
O

As for most of the existing theory for convergence of trust-region methods, we also make
use of the following direct consequence of Taylor’s theorem.

Lemma 3.4 For all k,
() = mu(a)] < weAE, (3.15)
and
He@O? = llew + skl < 260[AF]%, (3.16)

with Ko = Hi + MK/ 2057 > Ky

Proof. The first inequality follows from Lemma 3.3, the fact that f(x) is twice
continuously differentiable and the fact that (2.11) and (2.12) give the bound

[[skll < Ar < A7, (3.17)

(see Theorem 6.4.1 in Conn et al., 2000). Similarly, the second inequality follows from
the fact that 6(z) is twice continuously differentiable with its Hessian given by

m

Vaal(z) = J(@)" T () + Y ci(2) Vaucs (@), (3.18)

i=1

(3.1), Lemma 2.3 and (3.17). O
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The same type of reasoning also allows us to deduce that all c-iterations are in C; for Af
sufficiently small.

Lemma 3.5 Assume that k € C and that

2(1 — Ky, e
ALs \/%(+ (277;)+ Sres) © ke (3.19)
Then k € Cy.
Proof. Consider some k € C. Using the mean-value theorem, we obtain that
(i) = O + (Jick, ) + 3(sk, Vaaf(Ex)sk)
for some & € [k, z; ], which implies, in view of (3.18), that
0(x) = Ok + (e Jisk) + 21T (E)sell” + 4> ci(6) sk, Vaaci(Sh)sk). (3.20)
i=1

A further application of the mean-value theorem then gives that

ci(ér) = ci(wr) + (ei I (r) (& — 2x)) = ci(an) + (J ()" ei, & — o)

for some py € [0,&]. Summing on all constraints and using the triangle inequality,
(3.1) (twice), the bound ||&x — zk|| < ||sk|| and Lemma 2.3, we thus obtain that

IN

[lleCer)llr + snllsill ] o llsell?
< mavmlle(zp)| Isell® + mglsel®
< R/ 2m O |sg]|® + skl

Substituting this inequality into (3.20), we deduce that

Z ci(€r) (8K, Vaxci(Er)sk)

A

0(x;) < tller + Jesel® + £ [ 117 (E)skll® — | Tksk]|?]

/BRI 2 + 42
def

Define now ¢ (z) = 1||J(x)sk||?>. Then a simple calculation shows that

(3.21)

m

i=1
Using this relation, the mean-value theorem again and (3.1), we obtain that

|k (§k) — dr (k)] [k — ks Vadr(Cr))|
= (& — 2k, 2o [T (Ch)Ski Ve ci(Cr)sk) |

D 6w = @l 1Vawei (Gl T (Gl skl
i=1
< mrg|sil®

IN

for some (i € [vk, k] C [Tk, Tk + Sk]. We therefore obtain that

17 (E0)sull® = 1 Tesnll?] = 16n (&) — drl@r)| < mrgl|sal®. (3.22)
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Assume now that k € C,,. Then, using (3.21), (2.27), (3.22), (2.26), (2.11) and (3.19)
successively, we obtain that

0(xf) < $lew + Jesell> + 3 [ 117 (E)sell® — | Jese ]

300/ 2m O ||sel|” + 365 sk]°

< Rl (o 3) A2l /BB s (3.23)
< RGO+ (o 3) RRRAOR AL + brakaV/2m O A,
< gpe

On the other hand, the fact that k € C,, ensures that (2.25) holds, and thus, using the
definition of kg, that
(1— ks)dl " > —ol™

which in turn yields that
5T =ol™ 4+ 60" > ksl

But this last inequality and (3.23) show that both (2.33) and (2.34) hold at iteration
k. Since a tangential step was computed at this iteration, we obtain that k& € F, which
is a contradiction because k € C. Hence our assumption that k € C,, is impossible and
the desired conclusion follows. |

Lemmas 3.4 and 3.5 have the following useful consequences.

Lemma 3.6 Assume that k € F and that

A, < Fotiemi(1=12) (3.24)

< e
Then p£ > 19, iteration k is very successful and A£+1 > A{. Similarly, if k € C and

Fncel| Jjt il (1 — n2)
Re

A} < min |ke,

(3.25)

Then py, > n2, iteration k is very successful and Ay > Af.

Proof. The proof of both statements is identical to that of Theorem 6.4.2 of Conn et
al. (2000) for the objective functions f(z) and 6(x), respectively. In the first case, one
uses (2.24), (2.33) and (3.15). In the second, one first notices that (3.25) implies, in
view of Lemma 3.5, that k € C; and thus that (2.45) holds. This last inequality in then
used together with (3.1), (3.16) and the bound (3.3) to deduce the second conclusion.
0O

The mechanism for updating the trust-region radii then implies the next crucial lemma,
where we show that the radius of either trust region cannot become arbitrarily small
compared to the considered criticality measure for dual and primal feasibility.

Lemma 3.7 Assume that, for some ez >0,

T, > €y for all k € F. (3.26)
Then, for all k,
t 1-
AL > 1 min {H“J;—(ﬁz) Ag] def (3.27)
G

Similarly, assume that, for some e€g > 0,
| JE ekl > eq for all k € C. (3.28)
Then, for all k,

2€0(1 —
Af > 71 min {Féc, w’ AS} o €c- (3.29)
c
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Proof. Again the two statements are proved in the same manner, and immediately
result from the mechanism of the algorithm, Lemma 3.6 and the inequality Ay < Ai,

given that A£ is only updated at f-iterations and A{, is only updated at c-iterations.
O

We now start our analysis proper by considering the case where the number of successful
iterations is finite.

Lemma 3.8 Assume that |S| < +00. Then there exists an x. and a y. such that xy = x.
and yr = Yy« for all sufficiently large k, and either

J(x)Te(x,) =0 and c(x.) #0,

or
P.g(x«) =0 and c(z.) =0,

where Py is the orthogonal projection onto the nullspace of J(x.).

Proof. The existence of a suitable x, immediately results from the mechanism of
the algorithm and the finiteness of S, which implies that xz, = x4, for all j > 1,
where k; is the index of the last successful iteration.

Assume first that there are infinitely many c-iterations. This yields that A is decreased
in (2.40) at every such iteration for k > ks and therefore that {A¢} converges to zero,
because it is never increased at y-iterations or unsuccessful f-iterations. Lemma 3.5
then implies that all c-iterations are in C; for k large enough. Since, for such a k,
| T ekll = [|J(z)Te(zy)|| for all k > ks, this in turn implies, in view of the second
statement of Lemma 3.7, that ||J(x,)Tc(x,)|| = 0. If z. is not feasible, then we
obtain the first of the two possibilities listed in the lemma’s statement. If, on the
other hand, ¢(z.) = 0, we have, from (2.5), that n; = 0 and thus that 5,{ = 5,{’t >0
for all k sufficiently large. Hence (2.33) holds for k large. Moreover, we also obtain
from (2.28) (which must hold for k large because C is asymptotically equal to C;) that
llek + Jkskll = 0 and also, since 67" is only reduced at successful c-iterations, that
02 = 07" > 0 for all k sufficiently large. Combining these observations, we then
obtain from Lemma 3.4 that

O(ay) = 0(x) — tllex + Jusil® < KEA]* < O

(and (2.34) holds) for all sufficiently large k. Thus we have that ¢; must be zero for all
k € C sufficiently large. Since we already know that ni = 0 for all k large enough, we
thus obtain that s; = 0 for these k£ and all iterations must eventually be y-iterations.
Hence our assumption that there are infinitely many c-iterations is impossible.

Assume now that C is finite but F infinite. Since there must be an infinite number
of unsuccessful f-iterations ks, and since the radii are not updated at y-iterations, we
obtain that {A£ }, and hence {Ay}, converge to zero. Using now the first statement of
Lemma 3.7, we conclude that, for all k sufficiently large, 7, = 0 and, because (2.29)
holds at f-iterations, ||cx|| = 0. Thus c¢(z.) = 0. As above, the second of the lemma’s
statements then holds because of this equality, the fact that 7 = 0 for all large k£ and
Lemma 3.2.

Assume finally that C U F is finite. Thus all iterations must be y-iterations for k large
enough. In view of Lemma 2.2, we must then obtain that 7w, = 0. But the fact that
ng = 0 for all large k, the first part of (2.31) and (2.30) then imply that ¢(z.) = 0.
The second of the lemma’s statements then again holds because of Lemma 3.2.

d

This bound is central in the next result, directly inspired of Lemma 6.5.1 of Conn et al.
(2000).
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Lemma 3.9 Assume that (3.13) holds and that K is the index of a subsequence such that
(5.5) holds and KN Cy NY = 0. Then there exists a ko > 0 such that, for k > ki, k € K,

2
Isfl < 17 exl (330)

J

and
3 = rall sl (3.31)

where Ky s a positive constant.

Proof. The proof of (3.30) is identical to that of Lemma 6.5.1 in Conn et al. (2000)
(applied on the minimization of #(z) in the range space of JI'), taking into account
that the smallest eigenvalue of W, is bounded below by x2 for k > ki because of (3.14).
Substituting now (3.30) in (2.45) (which must hold since k£ ¢ Y UC,,) and using (3.3)
then yields that

68 > 12 Kuco s min { sillsi] AC}
H

which in turn gives (3.31) by using the bound [|sf|| < ||sk|| < A¢ with
k k

def | 2 . fﬁ?
Kr = 1KJKncemin 2—2,1 .
KH

d

We then prove that iterations in C; must be very successful when the feasible set is ap-
proached.

Lemma 3.10 Assume and (3.13) holds and that K is the index of a subsequence such that
(3.5) holds and KNY = 0. Then, for all k € K NCy sufficiently large, p§, > 12, iteration
k is very successful and Af_ , > Aj.

Proof.  The limit (3.5) and (3.1) imply that ||.J7c| converges to zero in K. Since
k & Cy, (3.30) holds and we may use it to obtain that

lim =0.

k—o0,kEXNC: sl =

Combining this limit with (3.31) and using Lemma 6.5.3 of Conn et al. (2000), we
deduce that pf > no for £ € K N C; sufficiently large. This implies that Af is never
decreased for k € K N C; large enough. m]

We now return to the convergence properties of our algorithm, and, having covered in
Lemma 3.8 the case of finitely many successful iterations, we consider the case where
there are infinitely many of those. We start by assuming that they are all f-iterations for
k large.

Lemma 3.11 Assume that (3.13) holds, that |S| = +o00 and that |C NS| < +o0. Then
there exists an infinite subsequence indexed by IC such that

i hm HCkH =0. (3.32)

and

5 = 0. (3.33)

lim
k—o00,keC
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Proof. As a consequence of our assumptions, we immediately obtain that all suc-
cessful iterations must belong to F for k sufficiently large, and that there are infinitely
many of them. We also deduce that the sequence {f(z))} is monotonically decreasing
for large enough k. Assume now, for the purpose of deriving a contradiction, that
(3.26) holds. Then (2.24), (2.33), (3.1) and (3.27) together give that, for all k € S
sufficiently large,

5,{ > KsKio€f min [;—f,min[Az,ef]} . (3.34)

G

Assume now that there exists an infinite subsequence indexed by Ky C S such that
{A{} converges to zero in K. Since A{, is only decreased at unsuccessful c-iterations,
this in turn implies that there is a subsequence of such iterations indexed K. C C\ S
with Af converging to zero. Because of Lemma 3.5, we may also assume, without loss
of generality, that K. C C; \ §. Lemma 3.10 then gives that ||cg||, and thus, because
of (3.13), ||JL ck||, must be bounded away from zero along K.. The second statement
of Lemma 3.6 and the fact that A{, is arbitrarily small for & sufficiently large in .
then ensure that iteration k£ must be very successful for k € K. large enough, which is
impossible. We therefore conclude that the sequence K; described above cannot exist,
and hence that there is an €, > 0 such that A} > ¢, for £ € S. Substituting this bound
in (3.34) yields that

5,{ > Kykyo€f Min {G—f, min|e,, ef]} > 0. (3.35)
Rg
But we also have that
k—1 k—1
flan) = flan) = Y [f@) = flegp)l=m D dl. (3.36)
j=ko,jE€S j=ko,j€S

This bound combined with (3.35) and the identity |F N'S| = +oo then implies that
f is unbounded below, which, in view of (2.46), contradicts (3.2). Hence (3.26) is
impossible and we deduce that

1ikrgi£f 7 =0, (3.37)

Let K be the index of a subsequence such that (3.37) holds as a true limit, immediately
giving (3.33). The fact that all successful iterations must eventually be f-iterations
implies (2.29) and we may thus deduce from (3.37), that (3.32) must hold. ]

After considering the case where the number of successful c-iterations is finite, we now
turn to the situation where it is infinite. We first deduce, in the next two lemmas, global
convergence for the problem of minimizing 6.

Lemma 3.12 Assume that |C N S| = +o00. Then,

liminf ||Jck| = 0. 3.38
Jminf 17 x| (3.38)
Proof. Assume, for the purpose of deriving a contradiction, that (3.28) holds.
Observe that the value of 6®* is updated (and reduced) in (2.41) at each of the
infinitely many iterations indexed by C N S.

Let us first assume that the maximum in (2.41) is attained infinitely often by the first
term. Since k., < 1, we deduce that

lim oo = (.

k—o0

Using the uniform boundedness of the constraint Jacobian (3.1) and (2.46), we then
immediately deduce from this limit that

lim ||chk|| < Ky lim |eg| < £y lim 07 =0,
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which is impossible in view of (3.28). Hence the maximum in (2.41) can only be
attained a finite number of times by the first term. Now let & € C N'S be the index
of an iteration where the maximum is attained by the second term. Combining (2.45),
(3.3), (3.28) and (3.29), we obtain that

Op - Opr > Ban) — O
> (1= Fue) [0(xr) — 0(xr41)]
Z (1 K;txz)’rll(s (339)
> (1- mﬂ)mnmeemm{e%,ec}
HH
> 0.

Since the value of §]7** is monotonic, this last inequality and the infinite nature of | CNS|
implies that the sequence {0;"**} is unbounded below, which obviously contradicts
(2.46). Hence, the maximum in (2.41) cannot either be attained infinitely often by
the second term. We must therefore conclude that our initial assumption (3.28) is
impossible, which gives (3.38). O

Lemma 3.13 Assume that |C N'S| = 4oo. Then either there exists a subsequence of
iterates approaching infeasible stationary point(s) of 0(x) in the sense that there is a sub-
sequence indexed by Z such that (3.12) holds, or we have that

klirrgo llck|| = 0. (3.40)
and there exists an e, > 0 such that
Aj > e, (3.41)
for all k € C sufficiently large.

Proof. Assume that no Z exists such that (3.12) holds. Then Lemma 3.12 implies
that there must exist an infinite subsequence indexed by G C C N S such that

. T _ . _ . _
Jlim_(fal = lm fal= lim_ 6 =0 (3.42)

As above, we immediately conclude from the inequality k., < 1 and (2.41) that

khm 0 =0 (3.43)
and thus, in view of (2.46) that (3.40) holds if the maximum in (2.41) is attained
infinitely often in G by the first term. If this is not the case, we deduce from (2.41)
that

li mar < 0 =0.
k—>olor,ﬂ€ k1l = k—>olor,%€g (mk)
and thus, because of the monotonicity of the sequence {07***}, that (3.43) and (3.40)
again hold.

Lemma 3.10 (with I = IN) and (3.40) then imply that Af, , > Af for all k € C;. In
addition, Lemma 3.5 ensures that A{, is bounded below by a constant for all £ € C,, =
C\ C;. These two observations and the fact that A{ is only decreased for k € C finally
imply (3.41). O

Observe that it is not crucial that 6;** is updated at every iteration in C NS, but rather
that such updates occur infinitely often in a subset of this set along which || JI ck|| converges
to zero. Other mechanisms to guarantee this property are possible, such as updating 0;7**
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every p iteration in CNS at which ||J] cx|| decreases. Relaxed scheme of this type may have
the advantage of not pushing 6;"** too quickly to zero, therefore allowing more freedom
for f-iterations.

Our next result analyzes some technical consequences of the fact that there might
be an infinite number of c-iterations. In particular, it indicates that feasibility improves
linearly at c-iterations for sufficiently large k, and hence that these iterations must play a
diminishing role as k increases.

Lemma 3.14 Assume that (3.13) holds, that |C N'S| = 400 and that no subsequence
exists such that (3.12) holds. Then (3.40) holds and

klim ng =0, (3.44)
and
Jim sim=o, (3.45)

where 5,{’" def my(zr) — mi(xr + ng). Moreover (3.41) holds for k € C sufficiently large.

In addition, we have that for k € CNS sufficiently large,
9k+1 < kgl (346)

and
Oy < Kom0p™™ (3.47)

for some kg € (0,1) and some kg, € (0,1).

Proof. We first note that (3.40) holds because of Lemma 3.13. The limit (3.40) and
(2.5) then give that (3.44) holds, while (3.45) then follows from the identity

5]{,71 = <gk,nk> + %(nk, Gknk>, (348)

the Cauchy-Schwarz inequality, (3.40), Lemma 3.3 and (3.4). Finally, Lemma 3.13
implies that (3.41) holds for all k € C sufficiently large.

If we now restrict our attention to k € CNS, we also obtain, using (2.39), (3.40), (2.4),
(3.13) and (3.41), that

0. — 0 > T ; 17 cxll A°
k—Uk+1 =2 nl’icn"inclljkckaln W, k

2
> DRenfnol ey (3.49)
K‘H

2
_ 2N KenFack] 9
- 2 k>
H

which gives (3.46) with g defy 211 Kenkinck? /K2 € (0,1), where this last inclusion

follows from the fact that 0 > 60 — 011 and (3.49). We now observe that ** is
decreased in (2.41) at every successful c-iteration, yielding that, for k£ € C N S large
enough,

Oy = max [m,{l@;-nax, 0(k) — (1 — Kuw) (0(xr) — 0(a7))]
< max [m,{l@g’a", O(zr) — (1 — ko) (1 — H@)G(l‘kﬂ
< max[Kea, 1 — (1 — Kg)(1 — K )00

K@megwxa

where we have used (3.46) and Lemma 2.3 to deduce the last inequalities, and where

we have defined gy o max[Ke, 1 — (1 — Kg)(1 — Kixz)] € (0,1). This yields (3.47) and
concludes the proof. O
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Convergence of the criticality measure 7 to zero then follows for a subsequence of
iterations, as we now prove.

Lemma 3.15 Assume that (3.18) holds and that |C N'S| = 4+00. Then either there is a
subsequence indexed by Z such that (3.12) holds, or (3.40) holds and

likm inf 7, = 0. (3.50)
Proof.  Assume that no subsequence exists such that (3.12) holds. We may then
apply Lemma 3.14 and deduce that (3.40), (3.44), (3.45) hold and that (3.41) also hold
for all k € C sufficiently large.

Assume now, again for the purpose of deriving a contradiction, that the inequality
(3.26) is satisfied for all k sufficiently large. This last inequality and Lemma 3.7 then
guarantee that (3.27) holds for all k sufficiently large, which, with (3.41), also yields
that, for k£ € C large enough,

Ay > minfe,, ex] > 0. (3.51)

The next step in our proof is to observe that, if iteration k is a successful c-iteration,
then (2.34) must hold because of (2.46). The successful c-iterations thus asymptotically
come in two types:

1. iterations for which the tangential step has not been computed,
2. iterations for which (2.33) fails.

Assume first that there is an infinite number of successful c-iterations of type 1. Itera-
tions of this type happen because either (2.13) or (2.29) fails, the latter being impossible
since both (3.26) and (3.40) hold. But (2.13) cannot fail either for k sufficiently large
because of (3.44) and (3.51). Hence this situation is impossible.

Assume otherwise that there is an infinite number of successful c-iterations of type 2.
Since (2.33) does not hold, we deduce that, for the relevant indices k,

f =o' + 00" < ksol!
and thus, using the fact that (2.24) ensures the non-negativity of 5£’t, that

5"
0<sit < 101 der islolm. (3.52)

1 —ks

We may then invoke (3.45) to deduce that 6£’t converges to zero. However this is

impossible since 6£’t satisfies (2.24) and thus must be bounded away from zero because
of (3.1), (3.26) and (3.51).

We may therefore conclude that an impossible situation occurs for infinite subsequences
of each of the two types of successful c-iterations. This in turn implies that |C N S|
is finite, which is also a contradiction. Our assumption (3.26) is therefore impossible,
and (3.50) follows. a

We now combine our results so far and state a first important convergence property of our
algorithm.

Theorem 3.16 As long as infeasible stationary points are avoided, there exists a subse-
quence indezed by K such that (3.5), (3.7) and (3.8) hold, and thus at least one limit point
of the sequence {xi} (if any) is first-order critical. Moreover, we also have that (3.40)
holds when |[CNS | = 4o0.
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Proof. The desired conclusions immediately follow from Lemmas 3.2, 3.8, 3.11,
3.13, 3.15. O

Our intention is now to prove that the complete sequences {7} and {||Pxgx||} both con-
verge to zero, rather than merely subsequences. The first step to achieve this objective
is to prove that the projection P(x) onto the nullspace of the Jacobian J(z) is Lipschitz
continuous when z is sufficiently close to the feasible domain.

Lemma 3.17 There exists a constant kp > 0 such that, for all 1 and xo satisfying
max [|[c(z1) |, le(z2)]]] < k., we have that

[ P(21) — P(z2)|| < Kpllzr — z2]|- (3.53)
Proof. Because of (3.13) and our assumption on ¢(z1) and ¢(x2), we know that
P(x)) =1 — J(x) " [J(x) T ()] T (25) (i =1,2) (3.54)
Denoting J; ef J(x1) and J, def J(x2), we first observe that

(LI = [y |7 = [T (= ) I = Ja(J = J)T)[laJ3 ] 7h (3.55)

But the mean-value theorem and (3.1) imply that, for i = 1,...,m,
1
[Vaci(@r,) = Vaci(gr)ll < ‘ / VaaCi(@h, + H(Try — Thy ) (Th, — %)dtH
0
< max Hvzzcz(xkl +t(‘rk2 - xkl)” ||Ik1 - l'k2H
t€[0,1]
< HHHmkl - ‘rk2||7
which in turn yields that
11 = J2) ]| = [y = Jol| < mkullar — 2. (3.56)

Hence, using (3.55), (3.1) and (3.13), we obtain that

2
2mk%

4
K

7] = 1Ry )M < [l = o (3.57)

Computing now the difference between P(x1) and P(z2) and using (3.54), we deduce
that
Pa1) = Plez) = JINWIT]7H (I = Ja) + (2 = J) T [RJ5 ]
I (T = [RJE)Y) 7

and thus, using (3.1) and (3.13) again with (3.56) and (3.57),

mr? me2 2mrd
[P(z1) — P(z2)|| £ —5 o — w2l + —50 lon — w2l + —F e — 22|
K3 R R
This then yields (3.53) with s, = 2740 (1 + ';—H) . O
J J

We now refine our interpretation of the criticality measure 7, and verify that it approxi-
mates the norm of the projected gradient when the constraint violation is small enough.

Lemma 3.18 Assume that
min [ 3| Pegill, &1 Prgrll®] > murcrlerl + wi(llexl])- (3.58)

Then we have that
Tk = Yk || Prgell (3.59)

for some Yy, € [3, 1].
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Proof. From (2.17) and (2.14), we know that
i = Pe(gr + Greng) + wi(llexl)u
for some normalized u, and thus, using (2.21),
T (| Pegr + PrGrni + wi(|lexll)ull) = mllrell = (gk,r) + (Grne, 7). (3.60)

Now, using the triangle inequality, (3.1), (2.5), (3.58) and the bound ky > 1, we verify
that

1Grrr +wr([[exlull < marallerll +willerll) < 3l Prgrll

and hence
7l = | Pegr + PuGrnw + wi([|exl)ull = || Pegrl| (1 + o)

with |ag| < 3. Substituting this relation in (3.60) and using the symmetric and idem-
potent nature of the orthogonal projection Py, we obtain that

1 {9k, Pegr) | {9k, PGrng +wi(eelDvw) | (Grng, mx)
L+ar |[Pygsll (1 + ar)[[ Prgrl [EAl

T —

But the Cauchy-Schwarz inequality, (2.5), (3.1), the bounds || Px|| < 1 and ky > 1 and
(3.58) then ensure that

Ggng, Tk
]g < remallell < 31 Pegl
ll7% |l
and that
(gr; PeGrng +wi(llexl)u) | murckaller]] +wi(llexl]) 1 | Pog
(14 )| Prgxl| (1 + )| Prgxll 12(1 + ag)

Hence we deduce that, for some (i € [—1, 1] and some (i, € [— &, ],

. :1+Ck 1+ G+ B + arfBr
k 1 1+Otk

+ o
This in turn yields (3.59) because

def 1+ (i + Br + oS
Y = i
+ oy

for all (ak, Ox) € [=4, 3] X [=4, 3] X [= 2, ] O

| Prgi |l + Bl Prgrll = | Prgr |-

€3 %

sl

The preceding result ensures the following simple but useful technical consequence.
Lemma 3.19 Assume that € > 0 is given and that
rakcraller] +wi(llerl]) < e (3.61)
Then, for any o > 1,
min [ 3| Pegll, &1 Prgll?] > 5ae implies that m, > ae.
Proof. Assume first that (3.58) fails. We then obtain, using (3.61), that
bae < min [ 1| Pugrll, £ Pegell’] < surcrallexll +wi(lexl) < e,

which is impossible because a > 1. Hence (3.58) must hold. In this case, we see, using
Lemma 3.18, that

171 = 30k Prgrll > r min [ 4[| Pegll, 51 Prgrll’] > sae > 1ae,

as desired. O
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We now examine the consequences of the existence of a subsequence of consecutive f-
iterations where 7 is bounded away from zero.

Lemma 3.20 Assume that there exist ky € S and ko € S with ko > ki such that all
successful iterations between ki1 and ko — 1 are f-iterations, i.e.

{k1,...,ka =1} NS C F, (3.62)
with the property that
w;>e forall je{k,....,ke—1}NS (3.63)

for some ¢ > 0. Assume furthermore that

)~ San,) < I (3.64)

Then )
2k, — 2 || < m[f(ﬂfkl) — flan,)]- (3.65)
Proof. Consider a successful iteration j in the range ki,..., k2 — 1 and note that

the sequence {f (.’L‘j)}?ikl is monotonically decreasing. We then deduce from (2.11),

(2.24), (2.33) and (3.63) that

T

€
———— A,| > Kskic€ min [—,A}.
L+G;ll J} © ko'

5{ > K§kyoTj Min [
Hence, since j € S, (2.35) implies that

e
flxj) = fzjs) > 7715,{ > M K§Kyc€ min Lé_, A]} . (3.66)
G
But the bound (3.64) and the inequality f(z;) — f(z;+1) < f(ar,) — f(zr,) yield
together that the minimum in the right-hand side of (3.66) must be achieved by the
second term. This in turn implies that

1
Py <A< —— ) — ; .
ij mJ+1H S A s P [f(l'g) f(xg-i-l)]

Summing now over all successful iterations from k; to k2 — 1 and using the triangle
inequality, we therefore obtain that

ka—1 ka—1
1
_ < o < - ) )
o =zl € Y0 ey —apal € e T [Fle) ~ flapn)]
j=k1,JES j=k1,jJES
and (3.65) follows. o

Our next step is to extend Lemma 3.11 by showing that the constraint violation goes to
zero not only along the subsequence for which the criticality 7 goes to zero, but actually
along the complete sequence of iterates.

Lemma 3.21 Assume that |CNS| < 400 and that | S| = +oo, and that we is strictly
increasing on [0,t,] for some t, > 0. Then

I =0.
Jim [l
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Proof.  Let ko be the index of the last successful iteration in C (or -1 if there is
none). Thus all successful iterations beyond ko must be f-iterations. In this case, we
know that the sequence { f(x)} is monotonically decreasing (by the mechanism of the
algorithm) and bounded below by fiow because of (3.2); it is thus convergent to some
limit fyx > flow. Assume first that there exists a subsequence indexed by . C F NS
such that

lexll = €o

for some ey > 0 and all k € K, with k > ko. Because of (2.29) and the monotonicity
of ws, we then deduce that
T > wa(e€o)

for all k € K. with k > kg. On the other hand, Lemma 3.11 implies the existence of an
infinite subsequence K such that (3.5) and (3.7) both hold. We now choose an € > 0
small enough to ensure that

€ < min [Lwa(€p),tn] and ws'(e) + e < Leo. (3.67)

(Note that the first part of the condition and our assumption on wsy ensures that this
bounding function is invertible for all ¢ < e.) We next choose an index k; € K. large
enough to ensure that k1 > ko and also that

2 2
fk . f < min TMRsRic€” ThR§Ric€
v = 26¢  4ku

, (3.68)

which is possible since {f(z))} converges in a monotonically decreasing manner to f.
We finally select ks to be the first index in K after k; such that

mj>e forall ki <j<ks,jeS, and m, <e (3.69)

Because f(x1) — f(k,) < f(ak,) — f« and (3.68), we may then apply Lemma 3.20 to
the iterations k; and ks, and deduce that (3.65) holds, and therefore, using (3.64), that

||mk1 _msz < E

Thus, using the vector-valued mean-value theorem, we the obtain that

1
||ck1 - Ckz” < ’ / J(xkl + t(ajkz - xkl))(xlﬁ - mkz) dtH
0
< max (| J(zer + U@k, — 20) | |2k, — T, |
t€[0,1]
< K‘Hllmkl - mkz”
< g€

As a consequence, using the triangle inequality, the fact that wa(||ck,|) < mg, (since
ko € F) and the second part of (3.67), we deduce that

€0 < ek, || < llerall + 2e < wy ' (mry) + e S w5 '(€) + 2e < Leg

=

which is a contradiction. Hence our initial assumption on the existence of the subse-
quence K. is impossible and ||cx || must converge to zero, as required. |

We finally strengthen the convergence results obtained in Theorem 3.16 by avoiding taking
limits along subsequences.
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Theorem 3.22 Assume that (3.18) holds and that ws is strictly increasing in [0,t,] for
some t, > 0. Then, we have that, either there exists a subsequence indexed by Z such that
(8.12) holds, or

Jim e =0 and Jim || Pegi]l =0, (3.70)

and all limit points of the sequence {xy} (if any) are first-order critical.

Proof. Assume that no subsequence exists such that (3.12) holds. If there are
only finitely many successful iterations, the desired conclusion directly follows from
Theorem 3.8. Assume therefore that |S| = 400 and immediately note that the first
limit in (3.70) follows from Theorem 3.16. Thus we only need to prove the second limit
in (3.70) when they are infinitely many successful iterations.

For this purpose, assume, with the objective of deriving a contradiction, that there
exists an infinite subsequence indexed by K such that, for some € € (0, 1),

min [ || Pegll, 11 Prgrll?] > 10 for all k€ K. (3.71)

Now choose k; € K large enough to ensure that, for all k£ > kq, (3.61) holds,

2
llex|l < min{ “e ,m} ; (3.72)
KnKa
and
wa([lexl) < ge. (3.73)

If |CNS| = +oo, we also require that the conclusions of Lemma 3.14 apply, that

2
oL < e (3.74)

2ksKa

for all £ > k1, and that

t 1- m 2
2 < Tristell— v om)e (3.75)

4K3 (kp + 1)Kuko

2Kk5Kn
7 Ryc€

if |CNS| < 400, we require that k; is larger than the index of the last successful
c-iteration. Observe that, because of (3.61) and Lemma 3.19 (with o = 2), (3.71)
implies that

(where kg 4ef ax [1 }), which is possible because of Lemma 3.14. Conversely,

Ty, > 2 > 0. (3.76)
We now choose ks to be the (first) successful iteration after kq such that
Thy < €, (3.77)

which we know must exist because of Theorem 3.16. Note that this last inequality,
(3.61) and Lemma 3.19 (with o = 1) then give that

it [ 4] Pragea s % | Pragia 2] < 5e. (3.78)
Our choice of k1 and ks also yields that
Uy >e for Kk S] < ks. (379)

Assume now that |CNS | = 400 and consider an iteration j € CNS with k1 < j < ko,
and note that (2.29) must hold at such an iteration because of (3.73) and (3.79).
Assume first that (2.13) also holds and thus that the tangential step ¢; is computed.
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We know from (3.46) and Lemma 2.3 that 9;7 < rglj < Kef7**. Hence (2.34) holds.
As a consequence (2.33) must fail and we obtain that

N ) €
55|5]f’n| > 5{’t > Kyc€min [H—, A]}

G

where we used (2.24), (3.52), (3.79) and Lemma 3.3. But (3.74) then implies that the
minimum in the last right-hand side must be achieved by the second term, and hence,
using (2.11), that

fis im
Isll < Ax < ——|3]"]. (3.80)
tC

Using now successively the definition of 6; ™ (as in (3.48)), the Cauchy-Schwarz in-
equality, (3.1), (2.5) and (3.72), we deduce that

6771 = gj.ny) + 3(n;, Gjny)|
< lgglHingll+ £1GsHng 112
< (kn + hakalles|Dllng
< 2kullny.

Combining the last bound with (3.80), we find that

2Rk5K
l[sill < -

1

Conversely, if (2.13) does not hold, we have that t; = 0 and hence s; = n;. As a
consequence, we obtain that, for every j € C NS such that k; < j < ko,

2ksK
Ils;]] < max {1, - :] In;ll < kukollcjl] < Kukoy /207 (3.81)
tC

where (2.5) and Lemma 2.3 are used to obtain the last two inequalities. Remembering
now Lemma 3.14 and the fact that 67" is unchanged at iterations outside C NS, we
thus deduce that, for any ks > k1,

kg kS
> Isill < mumo D \/ 205
Jj=k1,j€ECNS j=k1,jECNS
k3
1 c
_ 5 |CN{kT,....k3}|
max 2 1
< KnKoa /29k1 g Egm (3.82)
Jj=k1,5€CNS :
oo
max J/2
< nnnoﬁ/29k1 K

IN

7=0
RnkQ max
= Vram V2
But this last bound, (3.75) and the inequality 11 Kksk.c€ < 4Ky then yield that, for any
ks > ki1,

kg €
sl £ =——. 3.83
s R o

Note that this bound is valid irrespective of k3. Using the mean value theorem, we
now obtain that

| f(x5) = fzjer) | = (g5, 85) + 3(55, Vaaf(&5)s;) | < Kullssl| + trullsk]?

for some &; € [z, x;11), and where we have used the Cauchy-Schwarz inequality and
(3.1) to deduce the last inequality. But (2.5), (3.81) and condition (3.72) then imply
that

sl + 3llskll < Nlsi (1 + $rollngl]) < llslI(L + $rokalle;ll) < 2(s;]
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and hence, using (3.82), that

kg k3

2/<a,,f<a K0 max
S flagp) <260 Y lsill < \/H— 205,
j=1,jeCNS j=k1,j€ECNS
Taking the limit for k3 going to infinity, we see, using (3.75), that
s 2K Kuko M KsKcE
| f(z5) = @) | € =200 < 55— (3.84)
jzln%;Cns ’ ’ L= Vkom 26 (ke + 1)

Note that this bound remains valid if |C N S| < +oo since the sum on the left-hand
side is empty in that case.

We now observe that the objective function is decreased at every successful f-iteration
and the total decrease, from iteration k1 on, cannot exceed the maximum value of f(zy)
for k > k1 minus the lower bound fiow specified by (3.2). Moreover the maximum of
f(zx) beyond iteration ky cannot itself exceed f(zj1) augmented by the total increase
occuring at all c-iterations beyond k1, which is given by (3.84). As a consequence, we
may conclude that

Soof@) = fla) | = D [F@) = fla) ]+ D @) = flaj)]
j=k1,jES j=k1,jEFNS j=k1,jECNS

< [flon) + Ghatee ., | 4 RSt
R L R Tt

which in turn implies that

> [ fla) = flajpa)] < +oo and Jim > 1 f) = flwi) | =0.
j=0,j€S *j=t.jes

Because of this last limit, we may therefore possibly increase k1 € K (and ks accord-
ingly) to ensure that

00 2 2
.| TMKRsRic€ ThRsRc€
E x;) — f(x; < min , 3.85
j=k1,j€S | 723} = Flazn)| < [ 2K 2k (ke + 1)] ( )

in addition to (3.61), (3.72), (3.73), as well as the conclusions of Lemma 3.14, (3.74)
and (3.75) if [CNS| =
Consider now a range of consecutive successful f-iterations (i.e. a range containing at

least one successful f-iteration and no successful c-iteration), indexed by {kq, ..., kp —
1}. Observe that (3.85) gives that

2
ThR§Ric€
2ke

fzr,) — flz,) <

Then, using Lemma 3.20 (which is applicable because of (3.79) and this last bound),
we deduce that

ok, = 20, | < Frmse L (@e,) = Flaw,)]-

We now sum on all disjoint sequences {kq., ..., ks¢})_; of this type between k; and
ko — 1 (if any), and find that

ko—1 p P

Z ij_mj-i-lll = Z ||mka,€_xkb,£|| = Z xkae xkb,é)]' (3.86)

R§Ric€
j=k1,j€FNS =1 Mkshe€ =
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We now decompose this last sum and obtain, using (3.84) and (3.85), that

WK

Z [f(xkae) - f(xkb,é)} < [f(xkae) - f(ajkb,e)]

=1 =1
= > [f) = flaj)]
j=k1,jEFNS
= Y [fla) = flap)] = D [f) = flai)]
Jj=k1,j€S j=k1,j€ECNS
< O ) = fai)l+ Y () = Faga)]
Jj=k1,j€S j=k1,jECNS
11 FKskcE”
K2 (kp + 1)
Substituting this inequality in (3.86), we obtain that
ka—1
> ey el € s
j=k1,JEFNS K (#p +1)

and thus, using the triangle inequality and (3.83) with k3 = ko — 1, that

ko—1 ko—1 2
2k, — 2k, || < Z ;= @j4all + Z @ — @ja]] < 2t 1) (3.87)
j=ki1,jECNS j=k1,j€FNS Fu\Fp

We now return to considering the sizes of the projected gradients at iterations k1 and
k2. We know from (3.71), (3.78) and the triangle inequality that

N

||Pklgk1|| - ||szgk2|| = ||P/€1gk1 _szgkzn
”(Pkl - sz)gkl ” + ||Pk2 (gk1 - gkl)”
1Py = Pres || 1|92 | + [ Pr [ | g1 — o II-

INIA

In view of (3.72), we may now apply Lemma 3.17 and, recalling that the norm of an
orthogonal projection is bounded above by one, deduce that

1Phs i || = 1 Pragies | < oo bonllzr, = 2 | + ([ gky = gra s (3.88)

where we have used (3.1) to bound ||gg, ||. But the vector-valued mean-value theorem
ensures that

1
Hg/ﬁ - gk2|| < ‘ / vllf(ajkl + t(.’L‘kZ - mkl))(‘rkl - xk2)dtH
0
< max ||szf(33k1 + t(xkz - ‘Tkl))” ||'Ik1 - ‘Tk2||
tel0,1]
< K‘Hllmkl - mkz”?

where we also used (3.1). Substituting this last inequality in (3.88) and using (3.87),
we finally obtain that

2€
1P, gk | = (1P gka | < #on (ke + Dllen, = zpol| < —. (3.89)

H
Observe now that the inequality ¢ < 1 and (3.78) imply together that

| Prygry || < 10e <2 or || Pr,gr,||* < 60e <12 < 16,
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which in turn implies that
(| Przgr, || < 4 (3.90)
and thus that
min [ [P, gk, [ls 25 1 Pra gk 1] = 511 Pro g |- (3.91)
Suppose now that
1 Per gk, || < 6, (3.92)
in which case
min [ [Py, gk, s 25 1Py 9r 1] = 511 P g5, 12 (3.93)
Then, successively using (3.71), (3.78), (3.93), (3.91), the bound of one on the norm of

orthogonal projections, (3.1) and (3.89), we conclude that
be < min [ ]| Peygra [, 51 Pry g 7] — min [ $[1Pe,gia I, 35 [ Pragis 1]
= & [ 1Peage, * = | Pragrs |1 ]

25 [ 1Py g |+ 1Py grea Il ] [ 1Py 9 | = 1| Py g | ]

IN

4650 [Py g || = (1P o 1]

< €

W=

which is impossible. Hence (3.92) must be false. Combining now this observation with

(3.90), we obtain that

2e
2< ||Pklgk1|| - ||Pk2gk2H < H_’

H

which is again impossible. Hence our assumption (3.71) is itself impossible and the

second limit of (3.70) must hold.

O

We end our theoretical developments at this point, but the theory and results presented

so far suggest some comments.

1. Assumption (3.2) is not really crucial in the sense that one may apply c-iterations (by

temporarily setting f = 0 and keeping g = 0) a priori (hence reducing infeasibility)
to reduce the domain. If a global lower bound on the objective function value on the
feasible domain is known, a comparison of the infeasibility and objective function
value at the starting point may be useful to decide whether pure c-iterations should
be applied first, or if the complete algorithm can be applied directly from the starting
point.

. When the Jacobian J, is full-rank, we can rewrite the test (2.14) in the form

19 (g + T i)l < wi(llexl),
which provides an implementable version of (2.14).

. Remarkably, convergence of trust-region methods for unconstrained optimization
may be obtained as a by-product of the results presented here. Indeed, if there are
no constraints, the algorithm reduces to the basic trust-region method by setting
O™ = K., and, for every k, ng, =0, yr =0, gx = 0, . = gg. Since 7, = ||gk|, we
have that 7, > w2(0) = 0 and a non-zero ¢ is always computed. Moreover, every
iteration is then an f-iteration with 6,{ = 5,{’t at which we choose, as allowed by
(2.37), not to update the (irrelevant) Af.

. Obviously, one could use Gy = Hj and still obtain global convergence. The vector
yr. then becomes irrelevant. This is particularly apt when the constraints are linear.
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5. The tangential step is only required to satisfy the modified Cauchy condition (2.24),
but there is no theoretical need to compute the associated modified Cauchy point
(the solution of (2.19)). If one considers that t; results from an iterative process
starting (and possibly ending) at this modified Cauchy point, it is then necessary
to ensure that this point satisfies either (2.28) or (2.25)-(2.26)-(2.27). A possible
technique is to first solve (2.18) accurately enough to ensure that

HCk + Jk(nk — Tka)||2 < ntﬂfj’a", (394)

which is possible since it holds trivially if (2.18) is solved exactly, because then
Jerr = 0 by construction and 95 < ||cx + Jxni||?. As soon as (3.94) holds, then
the modified Cauchy point can be computed and (2.26) and (2.25) tested. If any of
these fail, then the solution of (2.18) must be continued to ensure that

ek + Ji(ng — 7)) [|* < O

and a new, improved, modified Cauchy point can then be found along —rj at which
(2.28) holds.

6. Tt is interesting to observe that the conditions (2.27) or (2.28) happen to be irrelevant
for successful f-iterations in the theory discussed above. For such iterations, the
role of limiting the acceptable infeasibility is played by (2.34). Indeed (2.27) is only
used to show that (2.34) also holds for small enough Af,, which then implies that
the considered iteration is an f-iteration. Condition (2.28) is crucial in establishing
(2.45) in Lemma 2.1, but this global Cauchy condition on the feasibility improvement
in only used for c-iterations (in Lemmas 3.6, 3.9 and 3.12). Finally, (2.28) is also
used in Lemma 3.8, but again only for c-iterations.

In a situation where evaluating the value of the infeasibility measure 6 is cheap and
the tangential step is computed by an iterative process, it may be possible to detect
that (2.33) holds before the end of this process, and then simply replace conditions
(2.27)/(2.28) by the verification that (2.34) holds. Of course, if (2.35) then fails or
if (2.34) cannot be enforced, then the iteration has to be handled as an unsucessful
c-iteration, since we can no longer turn it into a successful c-iteration for which
(2.27)/(2.28) is meaningful.

7. The preliminary numerical experience discussed in the next section has shown that
our algorithm, like many SQP methods, might suffer from the Maratos effect. A
well documented cure for this problem (see Mayne and Polak, 1982, Coleman and
Conn, 1982, or Section 15.3.2 of Conn et al., 2000) is to use second-order correction
steps. In our context, we define a such a step s; as a step performed from zj + s
to correct for an unsuccessful f-iteration, and such that

l[sk + sl < A (3.95)

and
Oz + sk + s5) < 052, (3.96)

Of course, for the f-iteration using the augmented step sj + s§, to be successful , we
still require, extending (2.35), that

o det f(an) — fan + sk + s%)
P = my(zr) — mg(zk + si) = - (3.97)

Using the comment just made on the irrelevant nature of (2.27) or (2.28) for suc-
cessful f-iterations, we may now verify that the convergence theory presented above
is not modified by the presence of these correction steps. Indeed, a successful iter-
ation using the augmented step satisfies all the conditions required for a successful
f-iteration where my(x + si) is then interpreted, in the spirit of Section 10.4.2 in
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Conn et al. (2000), as a prediction of f(zj + s + sf;) and where the infeasibility-
limiting condition (2.34) is replaced by (3.96).

In practice, a second-order correction is often computed by producing a step s that
reduces infeasibility, typically by “projecting” the trial point lying in or close to the
nullspace of J(x) onto the actual feasible set. In this case, s}, not only improves
feasibility (ensuring (3.96)), but often makes my(zy + s) to be a better prediction
of the value of f(xy + si+s}') than of f(x + s) (which tends to make the iteration
acceptable in (3.97)). Because ||s{|| is then of the order of ||sx||?, condition (3.95)
usually follows from (2.11).

The authors are well aware that many theoretical questions remain open at this stage of
analysis, such as convergence to second-order critical points, rate of convergence and worst-
case complexity analysis. Furthermore, the many degrees of freedom in the algorithm
provide considerable room for implementation.

4 Preliminary numerical experience

An initial (experimental) implementation of the method presented above has been pro-
duced, in which the following choices are made:

e The normal step ny is computed by applying the truncated conjugate-gradient al-
gorithm to attempt to minimize the Gauss-Newton model (2.2), stopping as soon as
the gradient of (2.2) has been reduced in norm by a factor 10712, or an iterate crosses
the trust-region boundary—in which case the path of iterates is retraced to find the
point at which it crosses—or more than m + 1 iterations have been performed.

e The multipliers y; are computed by solving the normal equations
JkaTyk = —Ju9k

if Ji is of full rank, or approximated by applying the conjugate-gradient method to
(2.18) otherwise. In the latter case, as before the iteration is terminated as soon as
the gradient of (2.18) has been reduced in norm by a factor 1072, or more than
m + 1 iterations have been performed.

e An exact tangential step is computed using the generalized Lanczos trust-region
(GLTR) method of Gould, Lucidi, Roma and Toint (1999). In particular, the pro-
jected, preconditioned variant proposed by Gould, Hribar and Nocedal (2001), in
which iterates are kept in the null space of J;, by operations involving factors of the

coefficient matrix _
I Jg
Jr 0

obtained from the sparse symmetric, indefinite factorization package MAS7 (Duff,
2004), is used. Here Jj, comprises rows of Jj; after redundancies have been identified
and removed, exactly as described in Cartis and Gould (2006).

e Of the many constants involved in the algorithm, we chose

Kea = 1000, k., =2, kg =0.9, ks =0.1, Kypqu = 0.9, Ko = 0.5,
Ky =102, Koe = 0.5, Keor =05, 91 =0.1, 72 =0.9, and n3 = 0.5.

The other constants (K, K., Koy Kat, Ken) are not needed for our simplified algorithm.
Each bounding function used is w(«) = 0.01 min(1, a?). The radius update (2.36) is
implemented as
Al e Af if pf € [n1,7m2),
0.5A7 if pf <m,
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while that for (2.40) is

2A¢ if p§ > no and  0f > Kk..0;",
k1 €4 Ak if pf € [n,m2)  and Of > ka0,
0.5A¢ if pf <m or  0f <Ko

Thus, at this stage, the possibility of computing inexact SQP steps has not been imple-
mented, primarily because we have yet to finalise the details. Nevertheless, we believe
that it is of interest to see whether the basic trust-funnel convergence mechanism we have
developed shows promise.

Thus we give the results obtained by applying our algorithm to all of the equality
constrained problems from the CUTEr collection (see Gould, Orban and Toint, 2003);
for those whose dimensions may be adjusted, we chose small variants simply so as not
to overload our computing environment. For each problem, in Table 4.1 we report its
number of variables (n), its number of constraints (m), the number if iterations required for
convergence (iter), the number of gradient evaluations (ngeval), the final objective function
and constraint values (f and ¢) and the cpu-time spent (time). The algorithm is stopped
as soon as the norms of primal and dual infeasibility ||c(x)|| and ||g(zx) + J7 (z1)yx|| are
both smaller than 10~°. An upper limit on the number of iterations was set to 1000.

All of our experiments were performed on a single processor of a 3.06 GHz Dell Precision
650 Workstation. Our algorithm, Algorithm 2.1 on page 8, was implemented as a Matlab
M-file, and the tests performed using Matlab 7.2.

Name n m iter ngeval f c time
ALLINITC 2 1 9 8 -1.00e+400 9.27e-06 0.10
BT1 2 1 211 182 -1.00e-00 3.55e-13 1.82
BT2 3 1 12 12 3.26e-02 4.47e-06 0.11
BT3 5 3 6 6 4.09e+-00 4.22e-15 0.05
BT4 3 2 9 7  -4.55e+01 1.33e-08 0.07
BT5 3 2 11 8 9.62e+4-02 7.45e-09 0.11
BT6 5 2 21 11 2.77e-01 1.39e-06 0.17
BT7 5 3 31 20 3.06e+02 3.34e-07 0.23
BTS8 5 2 10 10 1.00e4+00  3.81e-06 0.07
BT9 4 2 19 16  -1.00e+00 5.04e-06 0.24
BT10 2 2 7 7 -1.00e+00  4.18e-09 0.06
BT11 5 3 10 9 8.25e-01 2.99¢-08 0.09
BT12 5 3 7 7 6.19e+-00 8.30e-08 0.07
BYRDSPHR 3 2 8 7  -4.68e+00 1.74e-10 0.09
DATA1 90 73 1000 735 -1.50e+01 2.49e-08 54.28
DIXCHLNG 10 5 11 10 2.47e4-03 2.97e-07 0.14
EIGENA2 110 55 4 4 0.00e+00 0.00e+00 0.07
EIGENACO 110 55 4 4 0.00e+00 0.00e+00 0.11
EIGENB2 110 55 3 3 1.80e+01  0.00e+4-00 0.07
EIGENBCO 110 55 3 3 9.00e+00 0.00e+00 0.08
EIGENC2 462 231 14 9 6.51e-11 2.77e-06  25.90
EIGENCCO 462 231 30 19 6.81e-28 2.88e-06  79.93
ELEC 150 50 110 54  1.06e+03  2.32e-09 2.97
FCCU 19 8 5 5 1.11e401 3.55e-15 0.06
GRIDNETE 60 36 7 7 3.96e+01 1.78e-15 0.33
GRIDNETH 264 144 7 7 5.71le+01 2.07e-07 1.49
HS6 2 1 12 10 3.41e-21 1.66e-07 0.08
HST7 2 1 10 8 -1.73e+00  9.67e-10 0.08
HS8 2 2 8 6 -1.00e+00  3.62e-11 0.06
HS9 2 1 4 3 -5.00e-01  0.00e+00 0.10
HS26 3 1 17 14 7.37e-11 4.86e-06 0.15
HS27 3 1 10 10 4.00e-02 1.61e-06 0.13
HS28 3 1 3 3 0.00e+00 1.33e-15 0.04

Table 4.1: Results for the Trust-funnel Algorithm
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Name n m iter ngeval f c time
HS39 4 2 19 16 -1.00e+00  5.04e-06 0.26
HS40 4 3 5 5  -2.50e-01 1.69e-06 0.06
HS42 4 2 6 6  1.39e+01 6.21e-06 0.06
HS46 5 2 16 16 1.11e-09  7.92e-06 0.16
HS47 5 3 22 16 4.06e-10  5.41e-07 0.21
HS47 5 3 22 16 4.06e-10  5.41e-07 0.21
HS48 5 2 3 3 0.00e+400 1.55e-15 0.02
HS49 5 2 16 16 6.96e-09 1.33e-15 0.12
HS50 5 3 9 9 4.93e-32  2.66e-15 0.08
HS51 2 1 6 6  0.00e+00 0.00e+00 0.04
HS51 5 3 3 3 0.00e+00  0.00e+4-00 0.02
HS52 5 3 3 3 5.33e+00  4.0le-15 0.03
HS55S5IM 1 1 2 2 0.00e+00 0.00e+00 0.03
HS56 7 4 125 63 -3.46e+00  2.42e-09 1.51
HS61 3 2 8 7 -1.44e4+02  7.57e-06 0.09
HS77 5 2 21 11 2.42e-01 1.03e-06 0.16
HS78 5 3 6 5 -2.92e+00  2.24e-08 0.05
HS79 5 3 6 6 7.88e-02 1.34e-08 0.05
HS100LNP 7 2 15 9  6.81e402 2.00e-09 0.16
HS111LNP 10 3 17 13 -4.78e+01 1.63e-06 0.17
KOPPEL 12 6 4 3 4.50e4+00  2.98e-09 0.03
LCH 150 1 101 43  -4.23e+00  3.01e-07  4.16
LUKVLE1 100 98 8 8  6.23e4+00 1.00e-08 0.21
LUKVLE2 100 49 1000 998  -4.04e+41 3.85e-06  15.30
LUKVLE3 100 2 11 11 2.76e+01 3.63e-08 0.25
LUKVLE4 100 49 1000 741 -1.63e+16  5.43e-07 16.13
LUKVLE6 99 49 16 16 6.04e4+03  3.62e-06 0.47
LUKVLE7 100 4 13 11 -2.59e+01 1.11e-07 0.24
LUKVLES 100 98 285 284  1.06e+04 1.63e-06  10.73
LUKVLE9 100 6 248 106 1.12e401 9.56e-06 4.25
LUKVLE10 100 98 24 14 3.49e+01 7.40e-07 0.60
LUKVLE11 98 64 44 31 5.97e+02 7.88e-07 1.34
LUKVLE12 97 72 1000 942 2.73e4+03  6.92e-01 7.45
LUKVLE13 98 64 15 15 7.90e+-02 8.55e-07 0.72
LUKVLE14 98 64 40 27 1.04e+03  2.55e-09 1.17
LUKVLE15 97 72 69 42 2.51e-09  2.19e-06 3.13
LUKVLE16 97 72 24 21  1.47e4+02  4.44e-06 0.40
LUKVLE17 97 72 31 29 3.05e+02 2.44e-06 0.86
LUKVLE18 97 72 28 18  1.05e+4-02 1.59e-06 0.57
LUKVLESC 98 64 17 17 1.05e-03  6.25e-08 0.43
MARATOS2 2 1 5 4 -1.00e+00  3.19e-08 0.05
MARATOS 2 1 5 4 -1.00e4+00  3.19e-08 0.04
MWRIGHT 5 3 14 10 1.29e4+00  8.68e-06 0.10
ORTHRDM2 203 100 12 8 7.78+00  5.96e-08 0.42
ORTHRDS2 103 50 43 36 1.22e+02 6.29e-06 1.43
ORTHREGA 133 64 55 33 3.50e4-02 5.62e-08 1.94
ORTHREGB 27 6 3 3 0.00e+00 1.06e-09 0.05
ORTHREGC 105 50 36 11 1.98e+00  9.20e-07 0.89
ORTHREGD 103 50 17 10 1.56e+-01 1.14e-10 0.30
ORTHRGDM 23 10 27 24 3.90e+01 5.32e-06 0.34
ORTHRGDS 155 76 13 11 2.34e+01 1.25e-12 0.56
ROBOT 14 2 11 6 1.03e-29 1.15e-06 0.09
S316-322 2 1 3 3 3.34e402 2.22e-16 0.02
WOODSNE 4 4 1000 996 -8.93e+00 1.00e4-00 8.15

Table 4.1: Results for the Trust-funnel Algorithm (continued)
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We are well aware that the numerical experience reported here is preliminary, and
does not yet exploit all the interesting features of the algorithm. The results are however
more than acceptable in most cases at this stage, which is encouraging and motivates
further numerical (and theoretical) developments. Nevertheless, the algorithm did not
solve five problems: of these LUKVLE2 and LUKVLE2 are reported to be unbounded from
below, while LUKVLE12 and WOODSNE are (at least locally) infeasible. Only DATA1 genuinely
failed, the algorithm not being able to reduce the dual feasibility below (roughly) 1.0e-4,
This problem (along with LUKVLE17, LUKVLE18, ORTHRDS2, ORTHREGD and ORTHRGDM) has
a severely rank-deficient Jacobian at the critical point found. One further problem BT1
proved difficult, but further investigation revealed that this is was to the Maratos effect—
adding a second-order correction along the lines discussed at the end of the previous section
cured this immediately (the problem was then solved in 12 iterations).

5 Conclusion and perspectives

We have presented a new SQP algorithm for the solution of the equality constrained
nonlinear programming problem, that avoids the use of penalty or barrier parameters and
that allows for inexact tangential steps. Convergence to first-order critical point has been
proved and preliminary numerical experience reported which motivates further research.

A first line of work is the inclusion of a multi-dimensional filter mechanism (see Gould,
Leyffer and Toint, 2005) in the algorithm, with the objective to make the constraint on
decreasing infeasibility more flexible. A second interesting development is the inclusion of
bound or more general inequalities in the present framework. On a more practical level,
further work is necessary to fully exploit the potentialities of the new method in allowing
for inexact tangential steps and also to refine the current implementation by better tuning
of the algorithmic parameters and the incorporation of preconditioning.
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