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Abstract In this paper two simple examples of a twice continuously differentiable strictly convex
function f are presented for which Newton’s method with line search converges to a point where
the gradient of f is not zero. The first example uses a line search based on the Wolfe conditions.
For the second example, some strictly convex function f is defined as well as a sequence of descent
directions for which exact line searches do not converge to the minimizer of f. Then f is perturbed
such that these search directions coincide with the Newton directions for the perturbed function
while leaving the exact line search invariant.

Key words: Newton’s method, line search, Wolfe conditions, convex minimization.

1. Introduction

Let f: IR™ — IR be a continuously differentiable function and let Z be an accumulation point of
the iterates generated by a descent method for f with a line search subject to the Wolfe conditions
(shortly denoted by Wolfe line search). Then, under mild assumptions Z is a stationary point, i.e.
Vf(z) =0. When f is strictly convex and twice continuously differentiable, the Newton direction
for finding a root of V f always is a descent direction whenever the Newton direction is well-defined.
In this paper a simple example of a twice continuously differentiable strictly convex function f is
presented which has a unique minimizer and for which Newton’s method with a Wolfe line search
converges to a point z with Vf(Z) # 0. The line search in this example is chosen as to avoid a
certain set of “regular” points while meeting the Wolfe conditions. The convergence analysis is
carried out for a well-chosen starting point, but is generalizable to other starting points as long
as the line search can be manipulated to avoid the regular points. In a second example, a strictly
convex function is constructed for a given starting point such that Newton’s method with exact
line search also converges to a non-stationary point. As far as the authors can see at this stage,
this second example cannot be extended to general starting points.

While both examples are quite straightforward we are not aware that such an analysis has been
carried out rigorously before.



2. Known results on the convergence of Newton’s method

We start by recalling in this section some results of Chapter 3.2 in [1] and some straightforward
extensions. Given a continuously differentiable function f : IR®™ — IR, a point z, a direction Ax
with Vf(x)T Az < 0, and constants 0 < ¢; < ca < 1, a step length « is said to satisfy the Wolfe
conditions if the following inequalities hold:

1. f(x 4+ aAz) < f(z) + c1aVf(z)T A
2. Vf(r+ alz)TAz > oV f(x)T Ax.

Note that the set of points “x 4+ aAzx” satisfying the Wolfe conditions does not depend on the norm
of Az, i.e. setting AZ := pAx for some scalar p > 0, then = + oAz satisfies the Wolfe conditions
if, and only if, = + %Aiﬁ satisfies the Wolfe conditions. In the following example, the norm of the
(full) Newton steps will grow unbounded and, at the same time, the norm of the Newton steps with
Wolfe line search will go to zero.

A simple descent algorithm for minimizing f is given as follows:

Descent Algorithm:
1. Let some initial point 2(?) be given. Let v € (0,1] and 0 < ¢; < ¢2 < 1 be given. Set k := 0.
2. I Vf(z®)) =0, stop. Else choose Az*) # 0 with V()T Az®) < —4 ||V f(z®)]2 || AzF)]].
3. Set 2+ .= 2 4 o, Az®) where a4 satisfies the Wolfe conditions.
4. Set k:=k + 1 and go to Step 2.

If f is twice continuously differentiable and bounded below (i.e. IM < oo : f(z) > —M Va € IR"),
then the Wolfe condition can be satisfied at every iteration k, and if the algorithm does not terminate
after a finite number of steps it generates a sequence of iterates {l‘(k)}k, and each accumulation
point x* of this sequence is a critical point in the sense that V f(z*) = 0.

To discuss known results for the convex case, the following definitions will be used: For a point
x € R" and € > 0, let Uc(z) := {2z | ||z — 2|2 < €} denote the open e-neighborhood of x. Let
S C IR" be convex. A function f: S — IR is strictly convex if

fOz+ (1 —=Ny) <Af(z)+ (1 —=XN)f(y) forall A€ (0,1) and all z,y € S with = # y.

The function f is locally strongly convex at some point = € S, if there exists ¢(x) > 0 such that
the function f., : Uc(x) NS — IR with fe.(y) = f(y) — e(x)||y|3 is convex. It is locally strongly
convex on S, if it is locally strongly convex at every x € S. It is (globally) strongly convex on S,
if there exists € > 0 independent of = such that f. := f(x) — €|z||3 is convex on S. Hence, z + 2°
is strictly convex but not locally strongly convex, and z — e” is locally strongly convex but not
globally strongly convex.

When f is locally strongly convex and twice differentiable, the Newton step

Az = —[V2f(2)] 'V f(a)



for minimizing f satisfies Vf(2)” Az < 0. Thus, the Newton step satisfies the condition in Step
2. of the Descent Algorithm, if v (now depending on x) is sufficiently small. Moreover, if, in
addition, f has a minimizer x*, then Newton’s method for minimizing f with a Wolfe line search
globally converges to z*. The same is true for Newton’s method with exact line search. (This
follows from the results in [1] when observing that the assumptions on f imply that the level set
{z | f(z) < f(z'9)} is bounded, and hence, by Heine-Borel, the Hessian of f is uniformly positive
definite on this set.)

In the next section we consider the case where f : IR™ — IR" is twice continuously differentiable,
has a unique minimizer z*, and is strictly convex but not locally strongly convex. Moreover, f is
locally strongly convex at almost all points x. More precisely, the points where f is not locally
strongly convex form a set of measure zero that has empty intersection with the iterates generated
by the Newton algorithm. (In particular, all Newton directions are well defined and all Newton
directions are descent directions for f at the current iterates — however, there does not exist a
positive 7 such that the condition in Step 2. of the Descent Algorithm is satisfied for all iterations.)

3. A first example

Define a “hat-shaped-function” hi: R — IR via

0 for t < 8
t—8 for8<t<9
10—t for9<t<10
0 for ¢t > 10.

hi(t) ==

Then define a continuous function hf : IR — IR via

o

hi(t) =" 10 % hy(10%¢).
k=0

The function Ay, illustrated in Figure 3.1, is continuous and has infinitely many “hats” in the
interval (0, 10], where the height and width of the k-th “hat” tends to zero as k — oo.

More precisely, on each interval of the form [107%, 8 .107*] for k = 0,1,2,... and on [10, c0),
the function hT is identically zero; for all other input arguments ¢ € (0,10) it is strictly positive.
Integrating hf twice yields a convex function ffr for which the second derivative is zero on each
interval of the form [107%, 8- 107%]. For the exact definition of f;" let g : IR — IR be defined via

ot ()= [ 1t (@) do.

On each interval of the form [107F, 8- 107*] for k = 0,1,2,... the function g is constant, and
(since [;°107"h1(10') dt = 100~%)

o0
. 100~ *k+D) g
107k = 1007 = —— = — 107 %, 1
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Fig. 3.1: The shape of the function h (¢).

Let ffr : IR — IR be defined via
t
0= [ ot @) do.

By construction, f; (t) = O(#3) for 0 <t < 10 (and f;'(¢) = 0 for t < 0). Finally, let f; : IR — IR,
whose shape is shown in Figure 3.2, be defined as f1(t) = f; (t) + fi (—t).

The function f; is convex, twice continuously differentiable, and satisfies a cubic growth condi-
tion near its unique minimizer ¢ = 0. Its derivatives are given by

fi(t) = g1 (t) — g (-1), 1) =R (t) + hi (—).

A point ¢t with f{'(t) > 0 will be called a “regular” point. The following example is constructed as
to avoid such regular points.

Let p := W, and let f : IR?> — IR be defined as

t@) =1 ([2]) = o)+ pat 04 503

Z2

The function f is strictly convex, twice continuously differentiable, and has a unique minimizer at
0

-1
It is locally strongly convex at all points except from points z with x; = 0. Its first derivative
is given by

min .__

V(@) = [fi(z1) + 6paf, 1+a2]", (2)

and its Hessian
{'(z1) +30pat 0
0 1

is positive definite at all points x except at points x with z; = 0.

V() =



Fig. 3.2: The shape of the function f;(¢).

The Newton direction for minimizing f at x with x; # 0 is given by

Av i {—(f{(u) o) () ¢ 30px%>} .

—k
Assume for the moment that an iterate 2(¥) of Newton’s method is of the form z(*) := [10t ] with

k € INg and t € (0,3]. In this case, by (1) and since z®) is not “regular”, the Newton direction
simplifies to
Ag i [—(91910% + 6p10~%F) /(30p104k)]
: i 1 .

The numerator of the first component of Az lies in the interval [—%10_%, —ﬁm—?k] and the

second component of Az lies in the interval [—%, —1]. Hence the norm of Az tends to infinity

when & — oo but, as detailed before, this does not influence the set of points that are acceptable
for a line search along Az based on the Wolfe conditions.

-1 —k—1
We now show that a point 1) of the form z(*+1) = Ot with k € INg and ¢ € (0, §]
satisfies the Wolfe conditions. Observe first that the above estimates on the components of Az and

(2) imply that

VHEE)T A = (11072 4 6p10-F)Acs + (1 4+ Az € [~ 0 (0 w0
= (= €[~ —(=)?, - —1].
ST P o T2 =T 30p107% T V9 T 30p10-
Recalling that p := W this interval reduces to [—%, —%]. Likewise,
1072 10, gep 1072 100 99
v (VT A 1002 _ (10 g2 Il LA
fmT) A e (S e — (5% o0 5 ~100)



Hence, Vf(z")TAz < —18 and Vf(ak+D)TAz > —100 Since 180 /18L < 0.7 the point z(*¥+1)
satisfies the second Wolfe condition when c¢; is chosen ¢y € [0.7,1). For points = on the line segment

[z®), 2(k+1)] the above estimates imply that

99 81
A —_— ENT A 4 ENT A
Vfi(x) Az < 100181V7‘(x ) Az < 04V f(2\"")' Az

so that the first Wolfe condition is satisfied when ¢; is chosen ¢; € (0,0.4].

©) . [ 1
1/9

: +107%]
iterates can be chosen of the form z(¥) = ? with t € (0,%

When the initial point 2(%) is chosen as

] , it is a simple exercise to verify that all

|. Observe now that the total

length of the Newton path in the xi-direction is less than 2. Observe also that the absolute value
of the numerator of the first component of Az is at least W and the denominator is W, SO
that |Azy| > 90 for k > 0, while [Azy| < 2. As a result, we obtain that |Azq| > 81 |Az,|. Thus,
the xo-component of the step it is always shorter by a factor at least 81 than its 21 component, so
that ¢ converges to a number in the interval (0, %) The minimization algorithm therefore converges
to a non-stationary point.

4. Using exact line searches

The analysis in Section 3. can be generalized to other starting points suggesting that for almost
all starting points the line search can be manipulated (subject to the Wolfe conditions) so that
Newtons method converges to some non-stationary point. The analysis does assume, however, that
the line search can be manipulated in a way that “regular” points are avoided, i.e. only points are
visited for which the second derivative of f; is zero. If an exact line search is used, this assumption is
difficult to control. Nevertheless, as demonstrated next, even an exact line search is not a guarantee
that Newton’s method converges to a minimizer.

To start this second example, consider the strictly convex and twice continuously differentiable
function

- ~ 1
fiR* = R,  f(z):=|v1]®+ 22+ ix%. (3)

having the same minimizer """ := [ 1] as f in Section 3..

The Newton step for minimizing f starting at some point x with x1 # 0 is given by Az =
[ —I1 / 2

1o }, i.e. it is “too short” by a factor 1/2 in the zi-direction.
-l =z

Consider, for the moment, the starting point z(® := {8” such that f(x(o)) = 0.106 and a

sequence of exact line search steps for minimizing f along the search directions
_1\k+1
Az .= [( 1)1 ] )
Tz
each line search starting at a point £®) and leading to a point z* 1 .= z(*) 4 arAz®) . Because
the sequence {f(z*))} is monotonically decreasing by construction, we have that, for all k,
1

1 1
0.106 > [2M® + 20 + 5@5’“))2 > 2P 4 min [m + 2:1:5] = 2P - 3
2

6



and thus \xgk)]?’ < 0.606, implying \xgk)] < 0.85. Since \Axgk)\ =1 for all k, this in turn ensures

that |ax| < 1.7 for all k, and hence that
k .
2$ > 01 - 1737107272 > 0.08 > 0.

=0

for k > 0. The exact line search implies further that

0= vf(xk:—i-l)TAx(k) _ 3(_1)k+1 sign(xgk“)) (x(1k+1))2 _ 10—2k—2(1 i wék-‘rl))’

and thus
(k+1)
: k+1 k+1 14+
51gn(:):§ )) = (=1)**! and :):g ) = (—1)k+1 31052 1022k+2 :

Because 0 < xgkﬂ) < 0.1, this implies that, for £ > 0,

|$(k+1)‘€ L \/T 1 ‘IE
1 10k+1\V 37 10k+! 3|’

resembling the situation of the example in the previous section. The limit of the sequence () is a

point = [_0 ] with Zo > 0.
Z2

In the following the function f shall be modified such that the above search directions coincide
(up to positive multiples) with the Newton directions. This is achieved by “increasing” the x1-
component of the Newton step Az for minimizing f , and this, in turn, is achieved by locally
reducing 8%2% f (z®)) while leaving V f () invariant and while maintaining strict convexity of f.

Convexity and unchanged first derivative at all points (%) imply that the exact line searches are

not affected by this modification.

We now define the local perturbations of f using a B-spline. More precisely, let s : IR — IR be

given by
0 for t < —2
(t+2)3 for —2<t< -1
) 1+3(t+1)+3(t+1)2=3t+1)2 for —1<t<0
s(t) = 1-3(t—1)+3(t—12+3(t—-1)3 for0<t<1
—(t—2)3 for1 <t <2
0 for t > 2.
Its derivatives are then given by
0 fort < —2 0 for t < —2
3(t +2)? for —2<t< -1 6(t+ 2) for —2<t< -1
p 3+6(t+1)—9(t+1)2 for —1<t<0 " 6—18(t+1) for —1<t<0
SO =9 3 6(t-1)+9(t—1)2 for0<t<1 SH=0 64+18¢t—1) foro<t<1
-3(t — 2)? for1 <t<2 —6(t —2) for1 <t<2
0 for t > 2, 0 for t > 2.

For 7 € IR\{0} let s; : IR — IR, a scaled and shifted version of s, be defined via

oot = 7 s (1),
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Fig. 4.3: The shape of “6 |z1| + psy(x1)” for 7 =1 and p = 67.

By construction, the support of s; lies in the interval (%T, %T) when 7 > 0 and in (%T, %7’) when

7 < 0, and the minimizer of s” is at the point ¢ = 7 with
4 72
s(1) = ;17_@8/(0) =0 and s(7)

Now, consider a perturbation of fpf of f (z) defined by
for(@) = f(x) + ps.(a1)

for some parameters p > 0 and 7 € IR\{0}. Using (3), we obtain that

B 16 72 ”

= 5155"(0) = —L. (5)

3 2 / "
R R I R I O

To prove strict convexity of f,r(x), it obviously suffices to show that 6 |z1]| + ps(z1) > 0 for all
x1 # 0. Sketching the piecewise linear graph for this quantity (see Figure 4.3), it is easy to see that
it is strictly positive for all z1 # 0 if 6 |7| + psZ(7) > 0, i.e., in view of (5), if p < 67].
In Figure 4.3 the values of s” are nonzero in the interval x; € [0.5,1.5] and the lowest value of
6|z1| + ps’(z1) is at x; = 1.

Returning to the example at the beginning of this section, let 7, = :vgk) for k=0,1,2,... where
:Egk) is given in (4). Then, the supports of s, and of s; are disjoint for k # [ (compare with
Figure 4.3). Moreover, let

(k)y2
o = 6[e®) — 3. 1072201 fk) < 6|ml,
14+,

thereby ensuring the strict convexity of the function fﬂk - Moreover, we obtain from (5) and (6)
1

that the Newton step from z*) on fpk 20 is given by
T

(3sign(ay”) (21”)2) /(6 |2} — ) ] Lty [ (—1yE ] |

1 —l—Sng) ~ 10-2k2 | —10"2k2



which is a positive multiple of Az*). Moreover, the function f with f(z) := f(z)+ Y5> prsr, (1)
is well defined since at most one term in the sum is nonzero. That it is also twice continuously
differentiable can be deduced from the same argument for x; # 0 and the fact that the boundedness
7. and s and the limit pp < 6|7%| = 6|$§k)| — 0 together ensure the desired property at
x1 = 0. Thus we have constructed a function f such that Newton’s method with exact line search
generates the same iterates as in (4) converging to a point where the first derivative is nonzero.

of s;, s,

A necessary property for the above example to work is that the second derivative of f at x is
singular. Adding a term ||z — Z||3 to f(z) will effect that Z is the only point at which the second
derivative of f is singular. The somewhat tedious details for perturbing f( . )+| . —Z||4 such that
the line search still generates the same iterates have not been considered; it is conceivable, however,
that the example can be modified such that f is locally strongly convex at all points except from

x.

5. Concluding remarks

In the above examples, the Newton iterates converge to a non-stationary point & where the Hessian
of f is singular, and the Newton directions Hﬁﬁ with Az := —V2f(x)"'Vf(z) have two limit

directions at z (namely + . Both of these limit directions are not descent directions for f at

1

ol
Z. This particular situation allows for the construction of artificial examples for which Newton’s
method fails. While this simple observation might be interesting from a theoretical point of view,

its practical implications seem to be negligible.
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