Q\Qgﬁ No

,
I

‘&C\\ﬁés un| VE’*’S/
/
bdb’] 3q 3\JWQ

‘frﬁmxx\**

T]
=
T
)
o

L NAMUR

CORRIGENDUM: NONLINEAR PROGRAMMING WITHOUT
A PENALTY FUNCTION OR A FILTER

by N. I. M. Gould!, D. P. Robinson? and Ph. L. Toint?

Report NAXYS-07-2011 3 February 2011

Namur Center for Complex Systems

NaXYs

! Rutherford Appleton Laboratory,
Computational Science and Engineering Department
Chilton, Oxfordshire, England
Email: gould@stfc.ac.uk

2 University of Oxford, Mathematical Institute,
24-29 St. Giles’,
Oxford, OX1 3LB, UK
Email: daniel.p.robinson@gmail.com

3 Department of Mathematics,

FUNDP-University of Namur,
61, rue de Bruxelles, B-5000 Namur, Belgium.

Email: philippe.toint@fundp.ac.be
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N. I. M. Gould, D. P. Robinson and Ph. L. Toint
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Abstract

A new method is introduced for solving equality constrained nonlinear optimiza-
tion problems. This method does not use a penalty function, nor a filter, and yet can
be proved to be globally convergent to first-order stationary points. It uses different
trust-regions to cope with the nonlinearity of the objective and constraint functions,
and allows inexact SQP steps that do not lie exactly in the nullspace of the local
Jacobian. Preliminary numerical experiments on CUTEr problems indicate that the
method performs well.

Keywords: Nonlinear optimization, equality constraints, numerical algorithms, global con-
vergence.

Context

This paper presents a correction to the results obtained by Gould and Toint (2010), in
which an error was unfortunately discovered. The problem is in the proof of Lemma 3.10
of this reference, where it is claimed that Lemma 6.5.3 of Conn, Gould and Toint (2000)
can be invoked to deduce that pj, > 72, where pf is a specific ratio of achieved to pre-
dicted reduction is constraint violation and 7, is a constant in (0, 1). As it turns out, the
reasonning is only correct if the ratio ||sx||/||sf|| is bounded above, where sy, is the step
at iteration k£ and skR is its projection onto the range of the transposed Jacobian JkT .

Handling the case where this ratio is unbounded above turned out to be surprisingly
complex. In particular, this required considering separately the cases where the tangential
component of the step at iteration k is large or small with respect to its normal compo-
nent, where the meaning of “large” and “small” has to be defined very specifically. The
convergence proof taking this distinction into account is therefore significantly more in-
volved than the proof of Gould and Toint (2010), and cannot be discussed in the form of
a few corrections in the original text. It is the purpose of the present paper to propose
a corrected version of Gould and Toint (2010), where other minor improvements and up-
dates have also been introduced, including fixing a problematic case where it was possible
to skip the normal step computation although the current iterate was close to the current
infeasibility limit.

1 Introduction

We consider the numerical solution of the equality constrained nonlinear optimization

problem
min  f(z)
{ z e(x) =0, (1.1)

where we assume that f : R” — R and ¢ : R" — R™ are twice continuously differentiable
and that f is bounded below on the feasible domain.
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The present paper introduces a new method for the solution of (1.1), which belongs to
the class of trust-region methods for constrained optimization, in the spirit of Omojokun
(1989) in a Ph.D. thesis supervised by R. Byrd, and later developed by several authors,
including Biegler, Nocedal and Schmid (1995), El-Alem (1995, 1999), Byrd, Gilbert and
Nocedal (2000a), Byrd, Hribar and Nocedal (20000), Liu and Yuan (2000) and Lalee,
Nocedal and Plantenga (1998) (also see Chapter 15 of Conn et al., 2000).

The algorithm presented here has four main features. The first is that it attempts
to consider the objective function and the constraints as independently as possible by
using different models and trust regions for f and c¢. As is common to the methods
cited, the steps are computed as a combination of normal and tangential components, the
first aiming to reduce the constraint violation, and the second at reducing the objective
function while retaining the improvement in violation by remaining in the plane tangent
to the constraints, but only approximately so. This framework can thus be viewed as
a sequential quadratic programming technique that allows for inexact tangential steps,
which is the second main characteristic of our proposal (shared with Heinkenschloss and
Vicente, 2001, Byrd, Curtis and Nocedal, 2008 and 2010, and Curtis, Schenk and Wéchter,
2010). The third distinctive feature is that the algorithm is not compelled to compute
both normal and tangential steps at every iteration, rather only to compute whichever
is/are likely to improve feasibility and optimality significantly. Thus if an iterate is almost
feasible, there is little point in trying to further improve feasibility while the objective
value is far from optimal. The final central feature is that the algorithm does not use any
merit function (penalty, or otherwise), thereby avoiding the practical problems associated
with the setting of the merit function parameters, but nor does it use the filter idea first
proposed by Fletcher and Leyffer (2002). Instead, the convergence is driven by the trust
funnel, a progressively decreasing limit on the permitted infeasibility of the successive
iterates.

It is, in that sense and albeit very indirectly, reminiscent of the “flexible tolerance
method” by Himmelblau (1972), but also of the “tolerance tube method” by Zoppke-
Donaldson (1995). It also has similarities with the SQP methods by Yamashita and Yabe
(2004), Ulbrich and Ulbrich (2003) and Bielschowsky and Gomes (2008). All these meth-
ods use the idea of progressively reducing constraint violation to avoid using a penalty
parameter. The four more modern algorithms are of the trust-region type, but differ
significantly from our proposal. The first major difference is that they all require the
tangential component of the step to lie exactly in the Jacobian’s nullspace: they are thus
“exact” rather than “inexact” SQP methods. The second is that they all use a single
trust region to account simultaneously for constraint violation and objective function im-
provement. The third is that both limit constraint violation a posteriori, once the true
nonlinear constraints have been evaluated, rather than attempting to limit its predicted
value a priori. The “tolerance tube” method resorts to standard second-order correction
steps when the iterates become too infeasible. No convergence seems to be available for
the method, although the numerical results appear satisfactory. At variance, the method
by Yamashita and Yabe (2004), itself motivated by an earlier report by Yamashita (1979),
is provably globally convergent to first-order critical points and involves a combination of
linesearch and trust-regions. The normal step is computed by solving a quadratic program
involving the Hessian of the problem’s Lagrangian, while the tangential step requires the
solution of one linear and two quadratic programs. The method by Ulbrich and Ulbrich
(2003) computes a composite SQP step and accepts the resulting trial iterate on the basis
of non-monotone tests which require both a sufficient reduction of infeasibility and an im-
provement in optimality. Global and fast asymptotic convergence (without the Maratos
effect) is proved for the resulting algorithm. Finally, the algorithm by Bielschowsky and
Gomes (2008) is also provably globally convergent to first-order critical points. It how-
ever involves a “restoration” phase (whose convergence is assumed) to achieve acceptable
constraint violation in which the size of normal component of the step is restricted to be
a fraction of the current infeasibility limit. This limit is updated using the gradient of
the Lagrangian function, and the allowable fraction is itself computed from the norm of
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exact projection of the objective function gradient onto the nullspace of the constraints’
Jacobian.

The paper is organized as follows. Section 2 introduces the new algorithm, whose
convergence theory is presented in Section 3. Conclusions and perspectives are finally
outlined in Section 4.

2 A trust-funnel algorithm

2.1 The normal step

Let us measure, for any x, the constraint violation at x by
def
0(z) = 4lle(2)||? (2.1)

where ||| denotes the Euclidean norm. Now consider iteration k, starting from the iterate
x, for which we assume we know a bound 6*#* such that L|jc(zy)||? < 0> |

Firstly, a normal step n;(") is computed if the constraint violation is significant (in a
sense to be defined shortly). This is achieved by reducing the Gauss-Newton model

%Hck +Jkn||2 (2.2)

of O(x), +ny)—here we write ¢, def c(xg) and Jg def J(xy) is the Jacobian of ¢ at x—while
requiring that nj remains in the “normal trust region”, i.e.,

ne €N & fv e R™ | o] < A%Y, (2.3)

for some radius Aj, > 0. More formally, this Gauss-Newton-type step is computed by
choosing ny, so that (2.2) is reduced sufficiently within N, in the sense that

75 ekl

50,71 dEf
: 1 [[Wl|”

tllexl® = $llex + Jenll® > rucll Ty cxl| min { A;} >0, (2.4)
where Wy, = J[I'Jj, is the symmetric Gauss-Newton approximation of the Hessian of 6 at
xp and K, € (0,1]. Condition (2.4) is nothing but the familiar Cauchy condition for
problem approximately minimizing (2.2) within the region Nj.

In addition to (2.4), we also require the normal step to be “normal”, in that it mostly
lies in the space spanned by the columns of the matrix J,? by imposing that

[kl < Kallerl] (2.5)

for some k, > 1. These conditions on the normal step are very reasonable in practice,
as it is known that they hold, for instance, if nj is computed by applying one or more
steps of a truncated conjugate-gradient method (see Steihaug, 1983, and Toint, 1981) to
the minimization of the square of the linearized infeasibility. Other Krylov-space based
techniques, such as LSQR (see Paige and Saunders, 1982) or LSTR (see Cartis, Gould
and Toint, 2009) also guarantee that these conditions hold, as is the case if the model
ek + Jkn|? is minimized exactly in Nj. Note that the conditions (2.3), (2.4) and (2.5)
allow us to choose a null normal step (ny = 0) if x;, is feasible.

2.2 The tangential step

Having computed the normal step, we next consider if some improvement is possible
on the objective function, while not jeopardizing the infeasibility reduction we have just
obtained. Because of this latter constraint, it makes sense to remain in N}, the region
where we believe that our model of constraint violation can be trusted, but we also need

(1)Not to be confused with n, the number of variables.
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to trust the model of the objective function given, as is traditional in sequential quadratic
programming (see Section 15.2 of Conn et al., 2000), by

mi(zr + e + 1) = fo + (g, ) + 3w, Hyng) + (95, 1) + 3(t, Git) (2.6)
where ot
g = gk + G, (2.7)

where fi, = f(xg), g = Vf(zr) and where Gj is a symmetric approximation of the
Hessian of the Lagrangian 4(x,y) = f(z) + (y, c(x)) given by

G < Hy + > [i)iCi- (2.8)

i=1

In this last definition, Hy, is a bounded symmetric approximation of V2 f(xy), the matrices
C;r, are bounded symmetric approximations of the constraints’ Hessians V,.¢;(xy) and the
vector g may be viewed as a bounded approximation of the local Lagrange multipliers,
in the sense that we require that

lgill < 5, (2.9)

for some k, > 0. We assume that (2.6) can be trusted as a representation of f(xy+mny +1)
provided the complete step s = ny + t belongs to

T € (s e R" | |s] < AL}, (2.10)

for some radius Ai. Thus our attempts to reduce (2.6) should be restricted to the inter-
section of ANy and 7Ty, which imposes that the tangential step tj results in a complete step
s = ny + ti that satisfies the inclusion

sk €Br ENNTL Y {seR™ | ||s]| < Al (2.11)
where the radius Ay of By, is thus given by
Ay, = min[A§, AT]. (2.12)

As a consequence, it makes sense to ask ny to belong to By before attempting the com-
putation of tj, which we formalize by requiring that

[l < KeAy, (2.13)

for some ky € (0,1). We note here that using two different trust-region radii can be
considered as unusual, but is not unique. For instance, the SLIQUE algorithm described
by Byrd, Gould, Nocedal and Waltz (2004) also uses different radii, but for different models
of the same function, rather than for two different functions.

We still have to specify what we mean by “reducing (2.6)”, as we are essentially inter-
ested in the reduction in the hyperplane tangent to the constraints. In order to compute
an approximate projected gradient at zp + ny, we first compute a new local estimate of
the Lagrange multipliers y; such that

lye + [TE T g | < wy(llexll) (2.14)

for some monotonic bounding function(® wy, the superscript I denoting the Moore-Penrose
generalized inverse, and such that

gr | (2.15)

(2)Here and later in this paper, a bounding function w is defined to be a continuous function from R4
into R with the property that w(t) converges to zero as ¢ tends to zero.

7] < Ko
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for some k,, > 0, and
(g 7) >0, (2.16)

where ot
e = gy + T3 Uk (2.17)

is an approximate projected gradient of the model my at xp + ng. Conditions (2.14)—
(2.16) are reasonable since they are obviously satisfied by choosing yi to be a solution of
the least-squares problem

min g3 + Ty, (2.18)

and thus, by continuity, by sufficiently good approximations of this solution. In practice,
one can compute such an approximation by applying a Krylov space iterative method
starting from y = 0. If the solution of (2.18) is accurate, 7 is the orthogonal projection
of g;' onto the nullspace of Ji, which then motivates that we require the tangent step
to produce a reduction in the model m; which is at least a fraction of that achieved by
solving the modified Cauchy point subproblem

min my (g + nk — Trg), (2.19)
>0
Tp+nE—TrLEBL
where we have assumed that ||| > 0. We know from Section 8.1.5 of Conn et al. (2000)
that this procedure ensures, for some k., € (0,1], the modified Cauchy condition
ot

mg(xg + nk) — mp(zr + ng + tg) > Koo T Min TkHTkH >0 (2.20)

Tk
L+ [|Grll’
on the decrease of the objective function model within By, where we have set

o o (IR Tk)
[l

>0 (2.21)

(by convention, we define 7 = 0 whenever r, = 0), and where 74 is the maximal step
length along —rj from x; 4+ nj; which remains in the trust-region By. But we have that

Tellrell > (1 — k) Ag

by construction and thus the modified Cauchy condition (2.20) may now be rewritten as

(5£’t def mk(fEk + nk) — mk(xk + ng + tk) 2 KT Min {m» Ak} (2‘22)
1+ Gl

with s, & Koer (1 — kg) € (0,1). We see from (2.22) that 7, may be considered as an

optimality measure in the sense that it measures how much decrease could be obtained
locally along the negative of the approximate projected gradient 7. This role as an
optimality measure is confirmed in Lemma 3.2 below.

Our last requirement on the tangential step ¢ is to ensure that it does not completely
“undo” the improvement in linearized feasibility obtained from the normal step without
good reason. We consider two possible situations. The first is when the predicted decrease
in the objective function is substantial compared to its possible deterioration along the
normal step and the step is not too large compared to the maximal allowable infeasibility,
i.e. when both

§ht > —rsolm (2.23)

and
[skll < rar/0F>, (2.24)

for some k5 > 1 and some kA > 0, where

def
(5};’“ = mk(xk) — mk(xk —+ nk)
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cp+Jks =0 <

modified Sa
¢._point on my

llek + Jrsll® < e

Figure 2.1: The components of a step sy satisfying (2.26) in the case where Ay = Ai.

When (2.23) and (2.24) hold, we allow more freedom in the linearized feasibility and merely
require that
tller + Tr(ng + ) [|? < w07 (2.25)

for some £, € (0,1). If, on the other hand, (2.23) or (2.24) fails, meaning that we cannot
hope to trade some decrease in linearized feasibility for a large improvement in objective
function value over a reasonable step, then we require that the tangential step satisfies

def
llew + Je(ne + te)|* < Begllerl® + (1= so)ller + Jenel* = i, (2.26)

for some k., € (0,1). Note that this inequality is already satisfied at the end of the normal
step since ||cx + Jpnkll < |lex|| and thus already provides a relaxation of the (linearized)
feasibility requirement at 3 + ny. Note also that 95 < ||ck||?, an observation which we
will use below. Figure 2.1 illustrate the geometry of the various quantities involved in the
construction of a step sy satisfying (2.26).

2.3 Which steps to compute and retain

We now observe that a tangential step does not make too much sense if r, = 0, and we
do not compute any in this case. By convention we then choose to define 7 = 0 and
tr = 0. The situation is similar if 7 is small compared to the current infeasibility. Given
a monotonic bounding function w;, we thus decide that if

Tk > wi((lexll), (2.27)

fails, then the current iterate is still too far from feasibility to worry about optimality, and
we again skip the tangential step computation by setting ¢ = 0.

In the same spirit, we have imposed above the current violation to be “significant” as
a condition to compute the normal step ny, but didn’t specify what we formally meant,
because our optimality measure 7w, was not defined at that point. We now complete our
description by requiring that the computation of the normal step only when & = 0 or

llerll > wn(mr—1) or Ok > Keel™ (2.28)
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where w,, is some bounding function, x,, € (0,1) is a constant and 6, def O(zy). If (2.28)
fails, we remain free to compute a normal step, but we may also skip it. In this latter case,
we simply set ni = 0. For technical reasons which will become clear below, we impose the
additional conditions that

wn(t) =0<=t=0 and wi(wy(t)) < Kyt (2.29)

for all t > 0 and for some x,, € (0,1).

While (2.27) and (2.28) together provide considerable flexibility in our algorithm in
that a normal or tangential step is only computed when relevant, our setting also produces
the possibility that both these conditions fail. In this case, we have that s = ng + tx
is identically zero, and the sole computation in the iteration is that of the new Lagrange
multiplier yx; we will actually show that such behaviour cannot persist unless zy, is optimal.

Finally, we may evaluate the usefulness of the tangential step t; after (or during) its
computation, in the sense that we would like a relatively large tangential step to cause a
clear decrease in the model (2.6) of the objective function. We therefore check whether
the conditions

[Ekll > s Im| (2.30)

and

5 sl L5l > ksl (2.31)
are satisfied for some k.5 > 1 and for ks = 1 — 1/Rks € (0,1). The latter inequality is
equivalent to (2.23) and indicates that the predicted improvement in the objective function
obtained in the tangential step is not negligible compared to the predicted change in f
resulting from the normal step. If (2.30) holds but (2.31) fails, the tangential step is not
useful in the sense discussed at the beginning of this pargagraph, and we choose to ignore
it by resetting ¢ = 0.

2.4 Iterations types

Once we have computed the step s and the trial point
z C o + sk (2.32)

completely, we are left with the task of accepting or rejecting it. Our proposal is based on
the distinction between y-iterations, f-iterations and c-iterations, in the spirit of Fletcher
and Leyffer (2002), Fletcher, Leyffer and Toint (2002b) or Fletcher, Gould, Leyffer, Toint
and Wéchter (2002a). If ny = ¢, = 0, iteration k is said to be a y-iteration because the
only computation potentially performed is that of a new vector of Lagrange multiplier
estimates. We will say that iteration k is an f-iteration if ¢ # 0, (2.31) holds, and

0(x)) < o~ (2.33)

Condition (2.33) ensures that the step keeps feasibility within reasonable bounds. Thus
the iteration’s expected major achievement is, in this case, a decrease in the value of
the objective function f, hence its name. If s # 0 and either i) condition (2.31) fails;
ii) condition (2.33) fails; or iii) ¢, = 0 because either (2.13) fails, (2.27) fails, or an
initial nonzero tangential step is computed and rejected because it satisfies (2.30) but
not (2.31), then iteration k is said to be a c-iteration. If (2.31) fails, then the expected
major achievement (or failure) of iteration k is, a contrario, to improve feasibility, which
is also the case when the step only contains its normal component.

The main idea behind the technique we propose for accepting the trial point is to
measure whether the major expected achievement of the iteration has been realized.

e If iteration k is a y-iteration, we do not have any other choice than to restart with
Tr4+1 = Tk using the new multipliers. We then define

Al =Al and Af,, =Af (2.34)

and keep the current value of the maximal infeasibility 0’77 = ;7.
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e If iteration k is an f-iteration, we accept the trial point if the achieved objective
function reduction is comparable to its predicted value along the step si. More
formally, the trial point is accepted (i.e., x41 = z}) if

p£ déf f(xk) (;ff(x;c’_) Z m, (235)
k

and rejected (i.e., x1 = xp) otherwise. The radius of Ty is then updated by

[A], o0) if pl >,
Al €8 PeALAL i pl € In,me), (2.36)
AL Al it pf <,

where the constants 7y, 71, and -9 are given and satisfy the conditions 0 < n; <
e <1 and 0 < 7y <9 < 1, as is usual for trust-region methods. The radius of
N} is possibly increased if the iteration is successful in the sense that

Aj41 > max [“Acc”JkTHCkHH’Az] if P/{ Zm (2.37)

or
fen = AF I pf <, (2.38)

for some constant ... € (0,1). The value of the maximal infeasibility measure is
also left unchanged, that is 0;’F = 6;7**. Note that 5,{ > 0 (because of (2.22) and
(2.31)) unless zy, is first-order critical, and hence that condition (2.35) is well-defined.

e Ifiteration k is a c-iteration, we accept the trial point if the improvement in feasibility
is comparable to its predicted value

def
57 = tllell® = tller + Jrskll?,

and the latter is itself comparable to its predicted decrease along the normal step,
that is +
0 -0
me A0, 02w and pp e P ZOED) L o g)
k
for some k., € (0,1 — k,,]. If (2.39) fails, the trial point is rejected. The radius of
N is then updated by

€ max [kac || JE q crsll, AL] ,00) i pf =m0 and df > mcnég’z,
fr1 g =max [Racll S cepll, A if pf € [m,m2) and 0f > K..6,",
€ mAY, A% if pf <m or  0f < K,00"

(2.40)

and that of T is unchanged: A£ = Ai . We also update the value of the maximal
infeasibility by

- _{ max [k 07, 0(x)) + ke (0(zk) — 0(x;))]  if (2.39) hold, (2.41)

FHL T gmax otherwise,

for some £, € (0,1) and k., € (0,1).

We now describe why the last condition in (2.39) is well-defined. Firstly, we only check the
third condition after the first two conditions have been verified. Assuming that ny, # 0,
the Cauchy condition (2.4) and c(x) # 0 ensure that §;"" > 0 provided J! ¢, # 0. Thus
the third condition is well defined, unless c(xy) # 0 and J(x1)Tc; = 0. Such a point z
is called an infeasible stationary point of 6 and is an undesirable situation on which we
comment in Section 3. If such a point is encountered, the algorithm is terminated.
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Algorithm 2.1: Trust-Funnel Algorithm

Step 0: Initialization. An initial point zy, an initial vector of multipliers y_;

max

and positive initial trust-region radii Ag and Af§ are given. Define % =
max|K.,, k..0(zo)] for some constants ., > 0 and k., > 1. Set k = 0.

Step 1: Termination at an infeasible point : If J(z;)Tcy = 0 and c(z) # 0,
terminate the algorithm.

Step 2: Normal step. Possibly compute a normal step n; that sufficiently reduces
the linearized infeasibility (in the sense that (2.4) holds), under the constraint
that (2.3) and (2.5) also hold. This computation must be performed if &k =0 or
if (2.28) holds when & > 0.

If ny has not been computed, set n; = 0.

Step 3: Tangential step. If (2.13) holds, then
Step 3.1: select a vector gy satisfying (2.9) and define Gy, by (2.8);
Step 3.2: compute y; and 7, satisfying (2.14)—(2.17);

Step 3.3: if (2.27) holds, compute a tangential step t; that sufficiently re-
duces the model (2.6) (in the sense that (2.22) holds), preserves linearized
feasibility enough to ensure either all of (2.23)—(2.25) or (2.26), and such
that the complete step s = ny, + t) satisfies (2.11).

If (2.13) fails, set yr = 0. In this case, or if (2.27) fails, or if (2.30) holds but

(2.31) fails, set ¢, = 0 and s = ng. In all cases, define 3:',: =z + Sk.

Step 4: Conclude a y-iteration. If ny =t; =0, then
Step 4.1: accept mz = xp;
Step 4.2: define A£+1 = Ai and Af | = Af;
Step 4.3: set 077 = 0.
Step 5: Conclude an f-iteration. If ¢, # 0 and (2.31) and (2.33) hold,
Step 5.1: accept x'k" if (2.35) holds;
Step 5.2: update A£ according to (2.36) and A§ according to (2.37)—(2.38);
Step 5.3: set 07 = 077
Step 6: Conclude a c-iteration. If either ny # 0 and t; = 0, or either one of
(2.31) or (2.33) fails,
Step 6.1: accept x'k" if (2.39) hold;
Step 6.2: update A{ according to (2.40);
Step 6.3: update the maximal infeasibility 6;"** using (2.41).

Step 7: Prepare for the next iteration. If x,j has been accepted, set x;+1 = :c;r,
else set xp 11 = xk. Increment k by one and go to Step 1.
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2.5 The trust-funnel algorithm

We are now ready to state our complete algorithm, Algorithm 2.1 on the previous page.

We now comment on Algorithm 2.1. If either (2.35) or (2.39) holds, iteration k is called
successful. It is said to be wvery successful if, additionally, either pg > 12 Or pf > 12, in
which case none of the trust-region radii is decreased. We also define the following useful

index sets: ot
S (k| wpr = 2, (2.42)

the set of successful iterations,

YV ks =00, FY ik |ty #0and (2.31) and (2.33) hold} and € % IN\(VUF),

the sets of y-, f- and c-iterations. We further divide this last set into
Cw=Cn{k|tr#0and (2.23)-(2.25) hold} and C; =C\ Cy. (2.43)
Note that (2.26) must hold for k € C,. We finally define

AL {k | ny is computed to satisfy (2.4)}.

The mechanism of the algorithm ensures that ny = 0 whenever k ¢ A, but a null n; can
also happen for k € A (if xy, is feasible or is an infeasible stationary point).

We conclude this section by stating a few basic properties of Algorithm 2.1. We first
verify that our algorithm is well-defined by deducing a useful “Cauchy-like” condition on
the predicted reduction in the infeasibility measure 0(z) (whose gradient is J(x)c(x))
over each complete iteration in A N C;.

Lemma 2.1 For all k € ANCy, the first inequality of (2.39) holds and

75 cll

8¢ > Kool JE ¢ || min | ——E0
£ 2 ol e in | Ll

A;] >0, (2.44)

for Rnc2 = (1 - K’tg)HnC'

Proof.  We first note that our assumption on %k implies that (2.26) holds. In this
case, we easily verify that

205 = lexll® = llew + Jesil?
llewll® = fillerll® = (1= Kp)ller + Jerl® (2.45)
= (1= #u) [lel® = llew + Jrnel|?]

v

where we have used (2.26). This and the definition of 6" in (2.4) give the first
conclusion of the lemma because k., < 1 — k,, by definition. We may now use (2.45)
and (2.4) to deduce that

175 cx |

8 > (1 = Keg) e T+ Wil

| T e || min { A%] ,
and inequality (2.44) then follows. O
We now state an important direct consequence of the definition of our algorithm.
Lemma 2.2 The sequence {0]"**} is non-increasing and the inequality
0 < 0(x;) < O™ (2.46)

holds for all j > k.
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Proof. This results from the initial definition of 8§*** in Step 0, the inequality (2.33)
(which holds at f-iterations), the fact that 0}*** is only updated by formula (2.41) at
successful c-iterations, at which Lemma 2.1 ensures that d6j, > 0. O

Note that this lemma implies that
def n max
zp € L= {xeR"|0(zx) <65}

for all £ > 0.

The monotonicity of the sequence {#***} is what drives the algorithm towards fea-
sibility and, ultimately, to optimality: the iterates can be thought as flowing towards a
critical point through a funnel centered on the feasible set. Hence the algorithm’s name.
We now show a simple useful property of y-iterations.

Lemma 2.3 For all k € Y such that xy, is not an infeasible stationary point,
Tk < RoTh—1-

Proof. First suppose that (2.28) is satisfied. This implies that ¢; # 0 and, therefore,
Jlcr # 0 since x, is not an infeasible stationary point by assumption. Since this
condition ensures that a normal step will be computed, we can conclude from (2.4)
that ng # 0, which is a contradiction. Thus (2.28) must fail. Next, assume that
(2.27) is satisfied. Since ny = 0 by assumption, we know that (2.13) holds and thus
a tangential step is computed. Since 7, > 0 and a tangential step is computed,
condition (2.22) ensures that the computed tangential direction is nonzero. However,
since t; = 0 we must have redefined t; to be zero because the computed tangential
direction satisfied (2.30) but not (2.31). This is a contradiction because (2.31) would
have been satisfied trivially since ng = 0. Thus (2.27) must fail. Since we have shown
that both (2.28) and (2.27) must fail at y-iterations for which zj is not an infeasible
stationary point, we conclude that m, < wi(||ck|]) < wi(wn(mr—1)) where we used the
monotonicity of w;. The desired conclusion follows from the second part of (2.29). O

We conclude this section by stating the basic property of the step length.
Lemma 2.4 We have that, for all k,
skl < Ak <AL if t #0 (2.47)

while
[skll =[]l < A% if ¢t =0. (2.48)

Proof. If t;, # 0 is computed, then (2.13) holds and (2.11) and (2.12) together give
the bound (2.47). In the other case, s = nj and (2.3) ensures (2.48). O

3 Global convergence to first-order critical points

3.1 Assumptions and preliminaries

Before starting our convergence analysis, we recall our assumption that both f and ¢ are
twice continuously differentiable. Moreover, we also assume that there exists a constant
kg such that, for all £ in Uk>0[xk,mm UL, all kand all i € {1,...,m},

L+ max [[|gk |, Vo f N, IVaaci (O 1TE 1 Hi, 1Con]l ] < - (3.1)

When Hj, and Cjj, are chosen as V., f(z) and V,.c;(zr), respectively, this last assump-
tion is for instance satisfied if the first and second derivatives of f and ¢ are uniformly
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bounded, or, because of continuity, if the sequences {x;} and {z} } remain in a bounded
domain of R".
We finally complete our set of assumptions by supposing that

f(x) > fiow forall ze L. (3.2)

This assumption is often realistic and is, for instance, satisfied if the smallest singular
value of the constraint Jacobian J(z) is uniformly bounded away from zero. Observe that
(3.2) obviously holds by continuity if we assume that all iterates remain in a bounded
domain.

We first state some useful consequences of (3.1).

Lemma 3.1 For all k,

L+ ||We| < ki, (3.3)
and ot
g | < [1 + Kun/205 (1 + ms,)]kn = &, (3.4)

Proof. The first inequality immediately follows from
L [[Will =1+ [[e]]* < (1 + (1 JklD)? < 53,

where the last inequality is deduced from (3.1). The bound (3.4) is obtained from
(2.7), the inequality

g1l < Nlgell + 1Gkl Ikl < Ngwll + s [ Nlewll + mlliwl llexll  max IC;kll],
Lemma 2.2, (2.9) and (3.1). O

We also establish a useful sufficient condition for first-order criticality.

Lemma 3.2 Suppose that for some infinite subsequence indexed by IC we have

ot lek]| = 0. (3.5)
Then
k‘~>oi<sr,rllﬂ€lcgg B kag,rlielcgk' (36)
If, in addition,
o lm T = 0, (3.7)
then
m o ge+ iy =0 and - lim [ Pegell =0, (3.8)

where Py is the orthogonal projection onto the nullspace of Jy, and all limit points of the
sequence {xg ke (if any) are first-order critical.

Proof. Combining the uniform bound (3.4) with (2.15), we obtain that the se-
quence {||7x||}x is uniformly bounded and therefore can be considered as the union of
convergent subsequences. Moreover, because of (2.5), the limit (3.5) first implies that

Ll e =0 (9

which then implies with (2.7) and (3.1) that (3.6) holds. This limit, together with
(2.14) and (2.17), ensures that

li = 1 cuk) = i LT gl = lim P
k%olor,rllcep "k kﬁolor,rliep[gk * Jk yk} kﬁolcirllcep[gk Jk [Jk ] gk] k%olor,rllcep Rk
(3.10)
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where we have restricted our attention on a particular subsequence indexed by P C K
such that the limit in the left-hand side is well-defined. Assume now that this limit is a
nonzero vector. Then, using now (2.21), (3.9), (3.6) and the Hermitian and idempotent
nature of Py, we have that

. . <gk7 Tk> . <gk7 Pkgk>
lim m = lim = ———
k—s00,keP k—oo,keP |1l k—oco,keP || Prgrl| (3.11)
_ : (Prgr, Pegr) . .
= lim ~———2 = lim || Prgxll-
k—ookeP || Prpggll k—00,kEP

But (3.7) implies that this latter limit is zero, and (3.10) also gives that rp must
converge to zero along P, which is impossible. Hence limj_,o0 zep 7z = 0 and the
desired conclusion then follows from (3.10). O

This lemma indicates that all we need to show for first-order global convergence are the
two limits (3.5) and (3.7) for an index set K as large as possible. Unfortunately, and as
is unavoidable with local methods for constrained optimization, our algorithm may fail
to produce (3.5)—(3.7) and, instead, end up being trapped by a local infeasible stationary
point of the infeasibility measure 6(zx). If x, is such a point, then

J(zo)Te(zs) =0 with c(z,) # 0.

If started from x,, Algorithm 2.1 will fail to progress towards feasibility, as no suitable nor-
mal step can be found in Step 2. A less unlikely scenario, where there exists a subsequence
indexed by Z such that

1i Jlel=0 with  liminf 0 3.12
k—>olor,rll€62|| i Cxll wi k—l>IoI<1>,ll?EZ||ck” =Y ( )

indicates the approach of such an infeasible stationary point. In both cases, restarting
the whole algorithm from a different starting point might be the best strategy. Barring
this undesirable situation, we would however like to show that our algorithm converges to
first-order critical points for (1.1), whenever uniform asymptotic convexity of #(x) in the
range space of Jj is obtained when feasibility is approached. More specifically, we assume
from now on that, for some small constant . € (0, 1),

there exists r; € (0,1) such that omin(Jx) > «; whenever ||c(zy)|| < k., (3.13)

where opin(A) is the smallest positive singular value of the matrix A. It is important
to note that this assumption holds by continuity if J(x) is Lipschitz continuous and
Omin(J(2)) uniformly bounded away from zero on the feasible set, in which case the Jaco-
bian of the constraints has constant rank over this set.

We also obtain the following useful bound.

Lemma 3.3 There exists a constant kg > ky such that, 1 + ||Gi|| < ke for every k.

Proof. The desired conclusion follows from (2.8), (2.9) and (3.1), with

def
Ko = Ku + MkEy\/200% > Ky

The following two simple properties result from the mechanism of the algorithm.
Lemma 3.4 For allk € CNS, one has that

lull < meslinil. (3.14)
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Proof. Consider k € CNS. Hence (z;) < O(zy) and, in view of Lemma 2.2, (2.33)
holds. If (3.14) fails, then t; # 0, the mechanism of the algorithm implies that (2.31)
must also hold, and thus that k € F which is impossible. Hence (3.14) must hold. O

Lemma 3.5 We have the following results related to the set A.
(1) Ifk ¢y and |tyl| < Kgen
(i) CNS C A.

ng|| for some generic constant k.., > 0, then k € A.

Proof. We first prove part (i). Assume that n;y = 0. The given assumptions then
imply that t, = 0 and, therefore, that & € ). This is a contradiction so we may
conclude that ng # 0 and thus k € A.

We now prove part (ii). Let k € C NS from which it follows that & ¢ ). Moreover,
Lemma 3.4 implies that ||tx|| < kes|Ink|. We may now apply part (i) with £,., = Kes
to conclude that &k € A. O

As for most of the existing theory for convergence of trust-region methods, we also make
use of the following direct consequences of Taylor’s theorem.

Lemma 3.6 For all k € F, we have that
(@) = mi(af)] < Kk, (3.15)

while, for all k,
Hle@ON? = llek + Jeskll’] < 2kc[AF]?, (3.16)

with ke = /@fl + mHH\/Zﬂom > Ky, and
10(x) = $ller + Jesel*| < oullskl® + mozllexllllsell?, (3.17)
with ke, = (M + 1v/m) K2 and Key = Lky\/m.
Proof.  The inequality (3.15) follows from Lemma 3.3, the fact that f(x) is twice
continuously differentiable and Lemma 2.4 (see Theorem 6.4.1 in Conn et al., 2000).

Similarly, (3.16) follows from the fact that 6(z) is twice continuously differentiable with
its Hessian given by

Veol(z) = J(2)TJ(x) + Z ci(2)Vagzei(a), (3.18)

(3.1), Lemma 2.2 and Lemma 2.4.

We now prove (3.17). Using the mean-value theorem, we obtain that
0(x;) = Ok + (J)f ck sk) + 3(Sks Vaut(Er)sk)

for some &, € [z, ;1:;], which implies, in view of (3.18), that

|0(z) = O — (cr, Tisk) — 31T (Ex)snll?] = 3 ZCi(ﬁk)(SthCi(fk)Sw . (3.19)

A further application of the mean-value theorem then gives that

ci(&r) = ci(ar) + (ei, J (i) (G — 21)) = ci(awn) + (J (i) " eir & — z)
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for some g ; € [Tk, &k]. Summing over all constraints and using the triangle inequality,
(3.1) (twice) and the bound ||&; — k|| < ||sk||, we thus obtain that

IN

[erlls + muvmllskll ] mull skl

< mavmllen| lIsel® + mgv/mlsil®

> (&) sk, Vieati (k) sk)
i=1

AN

Substituting this inequality into (3.19), we deduce that

10()) = 3llew + Jesel?l < 3|17 () sell® = 175k ||

R , (3.20)
+aruvm ekl lskll” + 3ruv/mllsell
Define now ¢y (z) o 1[|J(z)sk||?. Then a simple calculation shows that
Veop(z) = Z[J(x)sk]ivmci(x)sk.
i=1
Using this relation, the mean-value theorem again and (3.1), we obtain that
|96 (&k) — Or(zr)|l = [(&k — 2k, Vadr(Gr))|
= €k — 2, 275 [T (Ch)sk)i Vawci (Cr) 5|
<Y 116k = @kl [ Vawes(GOIIT G sk
i=1
< mrglsel®
for some (i, € [vk, &) C [Tk, 2k + Sk]. We therefore obtain that
1) sill® = 1 Tksnll®| = () — dr(ar)] < msl|sell®. (3.21)
We then obtain (3.17) using (3.20) and (3.21), (2.11) successively. O

The third conclusion of this lemma also allows us to deduce that all c-iterations are in C;
for Af, sufficiently small.

Lemma 3.7 Suppose that k € C and that

AS < (1= ru) e, (3.22)

HA(K(M"QA + "Qezﬂ)

Then k € C;.

Proof. Assume that k € C,,. Then, using (3.17), (2.1), Lemma 2.2, (2.25), (2.24),
Lemma 2.4 and (3.22) successively, we obtain that

0(zf) < Kl 4 Ky ||8k]|2 + Koo /2057 || 5|
KO 4 kg KA OPNAS + KA Kgav/2 O AS (3.23)

max
gmox,

IN A

This implies that (2.33) holds. On the other hand, the fact that k& € C,, ensures that
(2.23) holds, and thus, since kg satisfies &5 = 1/(1 — ks) by definition, that (2.31) also
holds. Combining these observations and noting that a tangential step was computed at
iteration k since k € C,, by assumption, we obtain that k € F, which is a contradiction
because k € C. Hence our assumption that k € C, is impossible and the desired
conclusion follows. O
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Lemmas 3.6 and 3.7 have the following useful consequence.

Lemma 3.8 Suppose that k € C and

(1= ) (HJ,?ckn)Q
K e . 2
[AE]Q < min |1, /4;(237 1 def (mln[/i,,m, H,,MHJchkHD (3.24)

Ko1 + Koan/ Ze(r)nax

Then k € A and ny, # 0.

Proof. Assume that k& € C, ny = 0 and (3.24) holds. Observe first that the
mechanism of the algorithm ensures that Af > 0 for all k, and thus (3.24) implies that
lJick]| > 0. Now (3.24) and Lemma 3.7 imply that k € C;. Thus, in view of (2.4),
our assumption that n; = 0 can only hold if ny is not computed to satisfy (2.4) at
iteration k, and (2.28) must therefore fail. This in turn implies that

ek S K/ege;cnax.
This bound, (3.17), (2.26), (2.1) and Lemmas 2.2 and 2.4 then give that
Ot < Rl + 1 [AF]® + o /205 AG,

which, with (3.24), yields that

0(x)) < Kool + (Kgy + Koo\ /2057) [AG]2
JTe |12 (3.25)
< R 4 (1= ) Il '5;3’:” :
But (2.46) and (3.1) imply that
I3 el

omax > 0 >
ko= Tk= 2K2

Combining this last inequality with (3.25), we obtain that 6(z;) < 6* and (2.33)

holds. Now observe that we must have that ¢ # 0 (otherwise iteration k would be a

y-iteration). Moreover, (2.31) trivially holds since 5,{ = 6,’:’t. But this in turn implies
that k € F, which is a contradiction, and thus ny # 0 and k € A. O

3.2 A “limit inferior” result

We now investigate the relation between the trust-region radii and their associated criti-
cality measures.

Lemma 3.9 Ifk € F and
Ko (1 = 12)
lave!

Ay

IN

) (3.26)
then ,0£ > 19, iteration k is very successful and A£+1 > Ai. Similarly, if k € C and

T def . T
7’%A1;’%A2|‘Jk Ck” = min [ﬁAclaﬁA&”Jk CkH] y

(3.27)

Fnca| [ T x| (1 — 12)

Aj < min |k, 5
K
H

then k € A, ni, # 0, p§, > 2, iteration k is very successful and Af | > Aj.
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Proof. The proof of both statements is identical to that of Theorem 6.4.2 of Conn
et al. (2000) for the objective functions f(z) and 6(x), respectively. In the first case,
one uses (2.22), (2.31) and (3.15). For proving the second statement, we first observe
that Jl ¢k # 0 since A§ > 0. Furthermore, (3.27) and Lemma 3.8 together imply that
k € A and ny # 0. One then notices that (3.27) also implies, in view of Lemma 3.7,
that k& € C; and thus, because of Lemma 2.1 that the first inequality of (2.39) and
(2.44) hold. This last inequality in then used together with (3.1), (3.16) and the bound
(3.3) to deduce the second conclusion. O

The mechanism for updating the trust-region radii then implies the next crucial lemmas,
where we show that the radius of either trust region cannot become arbitrarily small
compared to the considered criticality measure for dual and primal feasibility.

Lemma 3.10 Suppose that, for some €5 > 0,
T > €y for all k € F. (3.28)

Then, for all k,
Kskic€f(l — 772),A£ def

A£ > 71 min
avel

7. (3.29)

Proof. The statement immediately results from the mechanism of the algorithm,
Lemma 3.9 and the inequality Ay < A{ , given that A'}: is only decreased at f-iterations.
O

Lemma 3.11 We have that, for all k,
Af > min [KAcg,, nAc4||Jchk|H (3.30)
for some ks and Koy both in (0,1). In particular, if we assume that, for some eg > 0,

| JEer|l > eq for all k € C, (3.31)

then, for all k,

c . def
Ak = 71 min [KAC37 K:Aczlee] = €c- (3.32)

Proof. Assume that, at iteration k,

Az >m min[A(C” Racts Races Race chk H]v (3'33)

and note that this assumption is obviously verified for £ = 0. We now distinguish
different cases depending on the nature of iteration k. Assume first that k € YU(F\S).
Since A{, is unmodified and xy41 = x) at such an iteration, we conclude that (3.33)
again holds at iteration k + 1. Assume next that k € F NS. Then (2.37) ensures that
(3.33) also holds at iteration k + 1 since v; < 1. Similarly, (2.40) ensure that (3.33)
holds at iteration k + 1 if k € CN'S. Assume finally that £ € C\ S. In this case, the
second part of Lemma 3.9 implies that (in addition to (3.33))

AZ > min[’iAcu KAc2||J]?ck||]7
and (2.40) and the identity 1 = 2% then imply that
A2+1 > min[AS, Racty Races HAc2||JZ+1Ck+1 ||]

Thus (3.33) again holds at iteration k + 1. We therefore obtain that (3.30) holds for
all k > 0 with facs = 71 MIN[AS, Kacrs Face] a0d Kacs = Y1Kac2. The bound (3.32) then
directly follows from (3.30), (3.31) and the observation that A{ can only be decreased
at c-iterations. O
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We now start our analysis proper by considering the case where the number of successful
iterations is finite.

Lemma 3.12 Suppose that |S| < +00. Then there exists an x. and a vy, such that xj = x,
and yr = Yy« for all sufficiently large k, and either

J(z) T e(x.) =0 and c(z,) #0,

or
Pug(z:) =0 and c(z.) =0,

where P, is the orthogonal projection onto the nullspace of J(x.).

Proof.  The existence of a suitable x, immediately results from the mechanism of
the algorithm and the finiteness of S, which implies that z, = x4, for all j > 1,
where k, is the index of the last successful iteration.

Assume first that there are infinitely many c-iterations. This yields that Af is decreased
in (2.40) at every such iteration for k > ks and therefore that {Af} converges to zero,
because it is never increased at y-iterations or unsuccessful f-iterations. Lemma 3.7
then implies that all c-iterations are in C; for k large enough. Since, for such a k,
| T ek|| = || J(2) T e(z4)|| for all k > kg, this in turn implies, in view of the Lemma 3.11,
that ||J(z«)Tc(z,)| = 0. If z, is not feasible, then we obtain the first of the two
possibilities listed in the lemma’s statement. On the other hand, if ¢(z.) = 0 then we
have from (2.5) that ny = 0, and thus that 6,{ = §£’t > 0 for all k sufficiently large.
Hence (2.31) holds for k large. Moreover, we also obtain from (2.26) (which must hold
for k large because C is asymptotically equal to Ct) that ||c; + Jisk|| = 0 and also,
since 0;'** is only reduced at successful c-iterations, that ;"% = 6*** > 0 for all k
sufficiently large. Combining these observations, we then obtain from Lemma 3.6 that

0(a) = 0(x)) — 4lle + Jisil® < KolAF]? < 07 = 012,

and thus (2.33) holds for all sufficiently large k. We have that ¢, must be zero for all
k € C sufficiently large (otherwise iteration k would be a f-iteration). Since we already
know that ni = 0 for all k large enough, we thus obtain that s; = 0 for these k£ and
must eventually be y-iterations, which is a contradiction. Hence our assumption that
there are infinitely many c-iterations is impossible.

Assume now that C is finite but F infinite. Since there must be an infinite number of
unsuccessful f-iterations after kg, and since the radii are not updated at y-iterations,
we obtain that {Ai}, and hence {Ay}, converge to zero. Using now Lemma 3.10, we
conclude that 7, = 0 along some infinite subsequence, and because (2.27) holds at
f-iterations, that |lcx|| = 0 along that subsequence. Thus c¢(x,) = 0. As above, the
second of the lemma’s statements then holds because of this equality, the fact that
m, = 0 for for an infinite subsequence of k with g = ¢g. and P, = P, and Lemma 3.2.

Assume finally that C U F is finite. Thus all iterations must be y-iterations for k large
enough. In view of Lemma 2.3, we must have 7, = 0. If ¢(z.) = 0, we are done because
of Lemma 3.2. Otherwise, we know from Lemma 2.3, (2.29), and (2.28) that we must
have computed a normal step ny, but since by assumption ny = t; = 0, we must have
that JI ¢y, = 0. Hence J(x.)Tc(x,) = 0 and the first part of the lemma holds. O

We now turn to the more complicated case where there are infinitely many successful
iterations, and start by proving a result directly inspired by Lemma 6.5.1 of Conn et al.

(2000) and using sf def (I — Py)sk, the projection of s; onto the range space of J; .

Lemma 3.13 Suppose that k € ANCy, and that

llewll < ke (3.34)
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Then 5
Isitll < I3 exll (3.35)
/4/.]
and
8 > rallsit], (3.36)
where 5
def . K
K = %“?“nm min [2,;% ) 1} . (3.37)

Proof. The proof of (3.35) is identical to that of Lemma 6.5.1 in Conn et al.
(2000) (applied on the minimization of #(x) in the range space of J! using the model
(2.2)), taking into account that the smallest eigenvalue of W}, is bounded below by 2
because of (3.34) and (3.13). Substituting now (3.35) in (2.44) (which must hold since
k € ANC;) and using (3.3) then yields that

c 1,.2 R : H?HSkR” c
51@ > EHJKn@HSk H min 2”%{ » =2k
which, using the bound [[s?|| < |sk|| < A, gives (3.36) with (3.37). O

Our analysis now focuses on unsuccessful c-iterations (the only one at which Af, can be
decreased) and first consider what happens if the constraints’ violation is small enough.

Lemma 3.14 Suppose that k € ANCy \'S such that

[[ex]l < min [F» fae } : (3.38)
RacaKy
Then
llex + Trsil|* < aaller])? (3.39)
and
ISEN > Foren I (3.40)
with

1
Ko def g 2(1 - /{tg)nncn? min [2, HACQ] €(0,1) and kpn = (1 — /Kaa)/kukn € (0,1).

H

Proof. Since k € AN Cs,, we may use Lemma 2.1, (3.38) and (3.13) to obtain

I
o+ el 4 12 < lel? = 2mcall el min | gl
KH
H H (3.41)
< Nl ~ 2encumfmin [, 151, ag).
H

But we know from Lemma 3.9 that, at unsuccessful c-iterations,
Af > min (Ko, faell ) cxl]]

and hence
AL > min [Kac, Kaeks||Ckll] = Kaesksl|crlls

where we again used (3.38) and (3.13). Substituting this last bound in (3.41) then
yields that

.|~k
lew + Tisell® < llewll” = 26ucamsllen]| min | S5 llexll, macrslienll | < eallex].
H
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Note that k.4 € (0,1). We have therefore proved the first statement of the lemma.
Using the definition of skR and the reverse triangle inequality, we may also deduce that,
for k € K sufficiently large,

Ck|l — ESk || = |ICk ESE || = VFRea
lewll = 1 Tksi | < llex + Trsil || < v/

and therefore, using (3.1), that, for such k,

|kl

1— /K,
rullsill = (ks ll > (1= v/Eaa)llex| > Tldllmcll,

where we used (2.5) to deduce the last inequality. This in turn yields (3.40). O

We now distinguish the case where ||ng|| is small with respect to ||tx|| at unsuccessful
c-iterations from the case where it is large. We start by considering the former.

Lemma 3.15 Suppose that k ¢ Y and that

T > €p >0, (3.42)
Af < min [1, ke, 6]6} def Ksc (3.43)
Ra
and
[Ekll = s(ep)llnrll, (3.44)
where

2Kg

def 1 s
(1 — kg5)(Kes — 1)Koc€’ cs:

¢(e) = max

Then ty, # 0 and (2.31) holds.

Proof.  First note that the conclusions of the lemma hold by definition if k& € F.
Suppose therefore that k& € C, and consider first the case where ni = 0. We must then
have that t; # 0, otherwise iteration k& would be a y-iteration. Moreover 5,’: = 6}:’t and
thus (2.31) holds.

Suppose now that ny # 0. Because (3.44) holds, we have that t; # 0. Now we have,
on one hand, that

ng 1
80 ol 2 ol = ol = el (1= 2 ) = (1= L) jt - 29)

”tkH cs

where we have successively applied (2.47), the reverse triangle inequality and (3.44).
On the other hand, we know that

—6" = (gi, i) + 3 (i, Grn)

and we may therefore deduce from the Cauchy-Schwarz inequality, (3.1) and Lemma 3.3
that
16571 < ko (el + $llmkl|?) -

Using (2.3) and (3.43), we then obtain that
1677 < 2k6|ngl|. (3.46)

We now observe that (2.22), (3.42), and Lemma 3.3 imply that

€
(5£’t > Kec€f min |:K/f>Ak:| = HtCGfAk,

G
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where we used (3.43) and (2.12) to deduce the last equality. Combining this bound
with (3.46), we obtain that

‘5£n| < 2k ||l < 2KgKcs ([l
§£’t - /‘EtcﬁfAk - ("365 *1)"%06}" HtkH

<1 - ks,

where we used (3.45) to derive the second inequality and (3.44) to deduce the third.
It is now easy to see that this last inequality implies (2.31). O

We now turn to the case where ||tx|| is relatively small compared to ||ng]|.
Lemma 3.16 Suppose that k € Cy, that € > 0 is given, that
[t]l < <) [mall (3.47)

and that 5
Kact K2br (1 — 1)
Facaky (1 +6(6)?[ker (1 + 5(€))Kn + Koo

Then iteration k is successful, pf, > 1 and Ai_ﬂ > Af.

llek|| < min |k,

(3.48)

Proof. First observe that part (i) of Lemma 3.5 with the choice k.., = ¢(€) implies
that £ € A. Now assume that k& ¢ S and note that (3.48) then allows us to apply
Lemmas 3.13 and 3.14. Since Lemma 2.1 ensures that the first part of (2.39) holds,
we deduce that pj < n; since the iteration is unsuccessful. But using now successively
(2.39), (3.17), (3.36), (3.40), the triangle inequality, (3.47), (2.5) and (3.48), we have

+y 1 2
|p2_1| ’0(‘%]@) 2||Ck+<]k5k||

o

o |l + maglenl I

= K

< Il sl + ol

S P ”
1+ 2

< S 1 1+ () lmull + rsllexl
K/sRnK’R
1 2

< S (o (14 () + foa] e
KSRHKR

< 1-mn.

Thus p§ > m1, which is a contradiction. As a consequence, iteration k is successful and
the desired conclusion follows. a

We now return to the convergence properties of our algorithm, and, having covered in
Lemma 3.12 the case of finitely many successful iterations, we consider the case where
there are infinitely many of those. We start by assuming that they are all f-iterations for
k large.

Lemma 3.17 Suppose that |S| = 400, that |CNS| < +00 and that no subsequence exists
such that (3.12) holds. Then there exists an infinite subsequence indexed by K such that

i el =0 (3.49)
and

R 0. (3.50)
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Proof. As a consequence of our assumptions, we immediately obtain that all suc-
cessful iterations must belong to F for k sufficiently large, and that there are infinitely
many of them. We also deduce that the sequence {f(z))} is monotonically decreasing
for large enough k. Assume now, for the purpose of deriving a contradiction, that (3.28)
holds. Hence (3.29) also holds because of Lemma 3.10. Moreover, (2.22), Lemma 3.3
and (3.29) together give that, for all k € S sufficiently large,

5,’:’t > Kyo€f min {:,min[A,‘;,e}-]} . (3.51)
G

Assume now that there exists an infinite subsequence indexed by Ky C S such that
{Af} converges to zero in Ky. Since Af is only decreased at unsuccessful c-iterations,
this in turn implies that there is a subsequence of such iterations indexed K. C C\ S
with Af, converging to zero. Because of Lemma 3.7, we may also assume, without loss
of generality, that K. C C;\ S. Also note that, since 6;"** is only updated at successful
c-iterations, the assumption that |C N S| < 400 ensures that

g = guox (3.52)

for some 622** > 0 and for all k sufficiently large. Also observe that the second part of
Lemma 3.9 implies that ||J] ck|| converges to zero along K.. Because no subsequence
exists such that (3.12) holds, we then obtain from (3.13) and (2.1) that ||cg| and 6y
converge to zero along K.. Moreover, using the convergence of both Af and ||cx|| to
zero, the inclusion K. C C and Lemma 3.8, we deduce that k € A for k sufficiently
large. Using now Lemma 3.14 and the inclusion K. C C\ S, we therefore obtain that
llex + Jrskll < Kaallck||? for k sufficiently large. As a consequence, and taking (2.1),
(3.52), (3.17) and Lemma 2.4 into account, we deduce that, for large enough &,

9(%) < Kaallng™ + ’iel[Ai]S + Koz 29gloax[AZ]2

and thus (2.33) holds as soon as

[A§]? < min [1, (1~ Ko ] ,

KRo1 + Koo/ 29£ax

and therefore
O(z) < O (3.53)

for all k € IC, sufficiently large because Af converges to zero along that subsequence.

Now assume that | ANK.| < +o00. Not only (2.33) holds for k € K. large enough, but
(2.31) also holds as soon as nj; = 0 because then 6}: = 5,{:’t, and this is the case for all
k € K. sufficiently large. Finally, t; # 0 for these k since otherwise k € ). But these
arguments then imply that k& € F, which is a contradiction. Thus | ANK.| = +o0 and

we may restrict our attention to the subsequence indexed by Ky = AN K., yielding
that ’Cl g .A

Assume that
Il < <(ep)limull (3.54)

holds for all k£ € Ky sufficiently large. We may then apply Lemma 3.16 and deduce
that |cx|| must be bounded away from zero along K., which is impossible because we
have already proved that ||cg| converges to zero along this subsequence. Hence there
exists an infinite subsequence indexed by Ko € K; such that (3.54) fails (i.e. (3.44)
holds) for k € Ko. We now verify that we may apply Lemma 3.15 for & sufficiently
large in Ko C C\S. First, (3.42) holds because we have assumed (3.28). The condition
(3.43) also holds for sufficiently large k in /Cy because we have A§ converges to zero
along IC. and hence along Ko. Applying Lemma 3.15, we then deduce that ¢t # 0 and
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(2.31) holds for all k € ICy sufficiently large. But, in view of (3.53), this implies that
k € F for such k, which is impossible.

We therefore conclude that the sequence Ky described above cannot exist, and hence
that there must exist an e, > 0 such that A} > ¢, for k € S. Substituting this bound
in (3.51) then yields that

6,’:’t > Kyc€f min [/?7min[e*, ef]] >0 (3.55)

G

for k sufficiently large, say k > ko. But we also have that

k-1 k—1
flaw) = fla) = Y (@) = flap)lzm Y o (3.56)
j=ko.j€S j=ko.j€S

This bound combined with (3.55) and the identity |F N'S| = +oo then implies that
f is unbounded below, which, in view of (2.46), contradicts (3.2). Hence (3.28) is
impossible and we deduce that

T = 0 (3.57)
for some index set K C F, which immediately gives (3.50). For all k € L C F we have

by definition that ¢, # 0 and thus (2.27) must hold. We then conclude from (3.57)
that (3.49) must hold, which concludes the proof. O

After considering the case where the number of successful c-iterations is finite, we now
turn to the situation where it is infinite. In the next two lemmas we first deduce global
convergence for the problem of minimizing 6.

Lemma 3.18 Suppose that |C N S| = +o00. Then,

liminf | JE e = 0. (3.58)

k—oo,keCnN

Proof. Assume, for the purpose of deriving a contradiction, that
||[Jeckl] > €9 forall keCNS (3.59)

and some €y > 0. Observe that the value of §]"** is updated (and reduced) in (2.41)
at each of the infinitely many iterations indexed by C N S.

Let us first assume that the maximum in (2.41) is attained infinitely often by the first
term. Since k., < 1, we deduce that

lim 0% = 0.
k—o0
Using the uniform boundedness of the constraint Jacobian (3.1) and (2.46), we then
immediately deduce from this limit that
li T el < li < li O = ky lim O =0,
hosooikeCns 1l < on hosooikeCns lewll < n hosoohecns i Uk
which is impossible in view of (3.59). Hence the maximum in (2.41) can only be
attained a finite number of times by the first term. Now let £ € C NS be the index

of an iteration where the maximum is attained by the second term and observe that
k € A because of part (ii) of Lemma 3.5. Combining (2.46), (2.41), (2.39), (2.4), (3.3),
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Lemma 3.11 and (3.59), we obtain that

Op— o > 0(ek) — 0P

> (1= Fue) [0(21) — O(2h41)]
> (1 = Fue)m oy,
(3.60)
> (1= Kua) K0y
> (1 Htx2>7]1 KenFnc€g Min eg , min[K/AcZia K/Ac4€(9]
K:H
> 0.

Since the value of §;7** is monotonic, this last inequality and the infinite nature of | CNS|
implies that the sequence {’**} is unbounded below, which obviously contradicts
(2.46). Hence, the maximum in (2.41) also cannot be attained infinitely often by
the second term. We must therefore conclude that our initial assumption (3.59) is
impossible, which gives (3.58). O

Lemma 3.19 Suppose that |C NS| = +oo. Then either there is a subsequence indeed by
Z such that (3.12) holds, or we have that

lim ||ex|| =0, (3.61)
k—o0

lim g% =, (3.62)
k—o0

lim ng =0, (3.63)
k— o0

and

lim 6f’ =0. (3.64)

k—o0

If, in addition to (3.61), (3.47) holds for some € > 0 and for all k € C;, then there exists
an €, > 0 such that
FANA (3.65)

for all k sufficiently large.

Proof.  Assume that no Z exists such that (3.12) holds. Then Lemma 3.18, (2.1),
and (3.1) imply that there must exist an infinite subsequence indexed by G C C NS
such that

o . T o . o .
0= mlg}ceg el = kﬁlololgceg lexll = chgf}cegg(x’“)' (3.66)

As above, if the maximum in (2.41) is attained infinitely often in G by the first term,
then we may conclude from the inequality k., < 1 and (2.41) that (3.62) must hold,
and then (3.61) follows from (2.46) and (2.1). If this is not the case, we deduce from
(2.41) that

max

lim < lim #(zy)=0.
k—oo,keG T = pydo,keg (k)

and thus, because of the monotonicity of the sequence {#7***}, that (3.62) and (3.61)
again hold. The limit (3.61) and (2.5) then give that (3.63) holds, while (3.64) follows
from the identity

—60" = (gr k) + 4 (n, Gamna), (3.67)
the Cauchy-Schwarz inequality, (3.63), Lemma 3.3 and (3.1).

Suppose now that (3.47) holds for all & € C;. It then follows from part (i) of Lemma 3.5
with the choice k.., = <(¢) that C; C A. Consider k large enough to ensure (3.48),
which is possible because of (3.61). Lemma 3.16 then implies that Af,, > Af, for all
k € C; sufficiently large. In addition, Lemma 3.7 ensures that Aj} is bounded below by
a constant for all k € C,, = C\ C;. These two observations and the fact that Af is only
decreased for k € C finally imply (3.65). O
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Observe that it is not crucial that 6;’** is updated at every iteration in C NS, but rather
that such updates occur infinitely often in a subset of this set along which ||.J] ¢x|| converges
to zero. Other mechanisms to guarantee this property are possible, such as updating 6;***
every p iteration in CNS at which || J ck|| decreases. Relaxed scheme of this type may have
the advantage of not pushing 0;"** too quickly to zero, therefore allowing more freedom
for f-iterations.

We next consider what can happen at unsuccessful c-iterations whenever ||cg|| and 6;"**
are both small.

Lemma 3.20 Suppose that k € C\ S, that (3.38) holds, that

4
1— 12
O™ < min |{min {1, I:ax—[f:dv’j/é ”69]} } 7&252] (3.68)
01 02
and .
Aj < [0 (3.69)

Then (2.33) holds.

Proof. Observe first that (3.69) and (3.68) imply that Af < k¢ and hence, in view
of Lemma 3.7 that k& € C;.

First, assume that & € A. From (3.17), Lemma 3.14 (which is applicable because of
(3.38)) and Lemma 2.4, we deduce that

0(x) < $haallerl) + ko [AF]® + oo /200 AF]2.
Using (2.1), (2.46), (3.69) and (3.68) successively yields that
) < O™ s mnlOE™1 0 /B[00 ] < 0

which is (2.33). If k & A, the successive use of (3.17), Lemma 2.4, (2.25), (2.26), (2.28),
(3.69) and (3.68) then similarly gives that

9(17/1_) < e + J}cTSk||2 + Kel[Ai]S + Koo/ 291€max[A2]2

< max(k, 0P, 29k] + Ko [AG]P + Koo /207 [AG)2
< max{ra O, 0] + Ko [AF] + o /200 [AL]?
< max[Ry, Kool O™ + Ko [AL]3 4 Koz (/2005 AG]2
< 0P \max|[Ky,, Keo) + 591[9;:}&’(]% + kg2 [Q?ax]%}
< gpe
which is (2.33). .

Convergence of the criticality measure 7 to zero then follows for a subsequence of itera-
tions, as we now prove.

Lemma 3.21 Suppose that |CNS| = +oo. Then either there is a subsequence indezed by
Z such that (3.12) holds, or (3.61) holds and

liminf 7, = 0. (3.70)
k—o0
Proof.  Assume that no subsequence exists such that (3.12) holds. We may then

apply Lemma 3.19 and deduce that (3.61)—(3.64) hold. Assume now, again for the
purpose of deriving a contradiction, that

Wk26f>0 (371)
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for all & > 0. This assumption and Lemma 3.10 then guarantee that (3.29) holds for
all k sufficiently large. Also, given € = ey, it follows from (3.61) and (3.62) that there
exists a ko € C sufficiently large to ensure that (3.48) (and thus (3.34) and (3.38)) and
(3.68) hold for k € C, k > ko.

The first step of our proof is to show that, under these conditions, the trust-region
radius Ay cannot be arbitrarily small compared to 6;"** along C. To this aim, we
distinguish two cases. The first (i) is when (3.47) holds for all k € C;, k > ko sufficiently
large. We may then apply Lemma 3.19 and deduce that (3.65) holds for all k € C
sufficiently large.

The second case (ii) is when the subsequence indexed by

def
Ky = {k € Co|lltrll = <(ep)llmxll }
is infinite.
Suppose first, in this case, that there is a k € (1 \ S) \ A with k& > ko. Then t; must
be computed (otherwise k € )) and (2.31) holds since ny = 0. But Lemma 3.20 then
gives that, if (3.69) holds, then (2.33) also holds and thus & € F, which is impossible.
Hence (3.69) must fail and

€ > [0m] 15 for all ke (Ky\S)\ A, k> k. (3.72)

Consider now a k € (K1 \ S) N A such that k& > ko and note that the definition of
KC1 ensures that (3.44) holds with € = e;. Suppose that (3.43) and (3.69) both hold.
Then, on one hand, the first of these inequalities and Lemma 3.15 imply that t; # 0
and that (2.31) holds. On the other hand, (3.69) and Lemma 3.20 ensure that (2.33)
also holds. As consequence, k € F, which is again impossible. We therefore deduce
that one of (3.43) and (3.69) must fail, yielding that

AS > min [m [9;;1&*]%} for all k€ (K1\S)NA, k> k.
Combining (3.72) and this inequality, we obtain that
AS > min [ndc, [azﬂaﬂ%} for all k€ Ky \'S, k> ko. (3.73)

Moreover Lemma 3.16 implies that any k € C; \ K1, k > ko, must belong to S, and
hence that C; \ S = K1\ S beyond ky. Thus (3.73) holds for all k € C; \ S, k > ko.
Using this conclusion and Lemma 3.7, we therefore deduce that

Af > min |:I€5C, ke, [9?3"]5}

for all k € C\S sufficiently large. But we know that Af, is only decreased at unsuccessful
c-iterations (at which 6]7** is unchanged), while it is only increased at successful c-
iterations (at which 0}** is decreased) or at successful f-iterations (at which 6;"** is
unchanged). Thus we obtain that, in case (ii),

. 5
Af > ~1 min [mc, ke, [0 12]

for all k sufficiently large. Considering the two cases distinguished above together then
gives that, for k € C large enough,

AZ 2 min |:€*7’Ylﬁéca’ylliCa71 [a;cnax]%] B
and therefore, taking (2.12) and (3.29) into account, that, for k € C large enough,

-
max =

. 5 | def . maxi =2
Aj > min [5]-'75*7’)’15%7'71587'71[01@ ]12} = min [mwm[@c“‘ ]12} . (3.74)



Gould, Robinson, Toint: Optimization without a penalty function or a filter 27

The second step in our proof is to deduce the contradiction sought from (3.71). We
start by observing that, if iteration k is a successful c-iteration, then (2.33) must
hold because of (2.46) and the second part of (2.39). The successful c-iterations thus
asymptotically come in two types:
1. iterations for which the tangential step has been computed but (2.31) fails,
2. iterations for which the tangential step has not been computed.
Assume first that there is an infinite number of successful c-iterations of type 1. Since
(2.31) does not hold, we deduce that, for the relevant indices k,
o,
5"
But, as in the proof of Lemma 3.15, we deduce from (2.5) and (3.61) that

>1— K, (3.75)

16771 < rallnkll + drcllmel® < murallenll (1+ 3rallerll) < 2xam llexl]

for large enough k. Moreover, using (2.22), (3.71), (3.74), (3.62) and (2.46), we verify
that

§£’t > Ryc€pmin [2—{;, Ak}
> K€ min [Z—é, Kasos V1 [anax]l%}
= Rcem|Op=]T
> kecernls] T lol®
> hcesyiflen]

for large enough k. Combining these latter two inequalities and using (3.61) then yields
that . )
"] Apaiclex]®

6£’t o Rec€fV1

<1— ks

for k large enough. But this last inequality contradicts (3.75). Hence this situation is
impossible.

Assume otherwise that there is an infinite number of successful c-iterations of type 2.
These iterations occur because either (2.13) or (2.27) fails, the latter being impossible
since both (3.71) and (3.61) hold. But the fact that ¢, = 0 implies that n; # 0 (since
otherwise k € )). Moreover, using (2.5), (3.74), (3.62), (2.46) and (3.61), we see that

Ioell el ol
B = lpl® T il

for k large enough, which yields that (2.13) holds. We may therefore conclude that
an impossible situation occurs for infinite subsequences of each of the two types of
successful c-iterations. This in turn implies that |C N S| is finite, which is also a
contradiction. Our assumption (3.71) is therefore impossible, and (3.70) follows. O

We now combine our results so far and state a first important convergence property of our
algorithm.

Theorem 3.22 As long as infeasible stationary points are avoided, there exists a subse-
quence indezed by KC such that (3.5), (3.7) and (3.8) hold, and thus at least one limit point
of the sequence {xy} (if any) is first-order critical. Moreover, we also have that (3.61)
holds when |C NS | = +o0.

Proof. The desired conclusions immediately follow from Lemmas 3.2, 3.12, 3.17,
3.19 and 3.21. |
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3.3 A true “limit” result

Our intention is now to prove that the complete sequences {7y} and {||Pigx|/} both con-
verge to zero, rather than merely subsequences. The first step to achieve this objective
is to prove that the projection P(x) onto the nullspace of the Jacobian J(z) is Lipschitz
continuous when z is sufficiently close to the feasible domain.

Lemma 3.23 There exists a constant kp > 0 such that, for all x1 and x4 satisfying
max [||c(z1) ||, le(z2)||] < k., we have that

[ P(z1) — P(z2)|| < kpllz1 — 22| (3.76)
Proof. Because of (3.13) and our assumption on ¢(z;) and ¢(22), we know that
Play) =1 = J(a)"[J () (2:) ] I () (i =1,2). (3.77)
Denoting J; % J(z1) and Jo % J(5), we first observe that
[T ] = [Jadg |7 = [NJL ] (Ja =TI = Ja(Jr = J2)T) [J2d3 )71 (3.78)

But the mean-value theorem and (3.1) imply that, for i =1,...,m,

IVaci(z1) — Vaci(za)|| < 2aCi(T1 + t(xe — x1)) (21 — 22) dtH
< tren[gx [Vizei(x1 +t(x2 — 1)) |1 — 22|
< Kullzr — 22|,
which in turn yields that
[(J1 = J)" [ = Ty = Joll < menlzr — o (3.79)

Hence, using (3.78), (3.1) and (3.13), we obtain that

2mf<aH

] = [Rdy )M < [z = o (3.80)

J

Computing now the difference between P(x1) and P(x2) and using (3.77), we deduce
that

P(xy) — P(z2) = JE[NLJE) I — 1) + (Jo — J) T[T 71,
I ([N =[5 ]7Y) o
and thus, using (3.1) and (3.13) again with (3.79) and (3.80),

2 2 4

1P(21) — P(x2)|| < oty — s | 4+ o ||ay — @] + — 2t g — ao]].
2 2
J J J
2 2
This then yields (3.76) with x, = 2255 (1+ %) 0
J J

We now refine our interpretation of the criticality measure 7, and verify that it approxi-
mates the norm of the projected gradient when the constraint violation is small enough.

Lemma 3.24 Suppose that
el + wwy (llex)- (3.81)

min [ 3| Pegll, %[ Pregrll®] > rurckn

Then we have that

for some €[5, 4],
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Proof. From (2.14) we know that
e = —[J 1 g%+ wy(llex[ur
for some uy, with ||ug|| < 1. Therefore, using (2.17) and (2.7) yields that
e = (I = J [T 1D gk +wy(lexl) T we = Pe(gr + Grnw) +wy(llex|) T we— (3.83)
and thus, using (2.21),
T (|1 Pegr + PeGrr, + wy (k) IEurl)) = mllrell = (gr, ) + (Grng,7r). (3.84)

Now, using the triangle inequality, (3.1), (2.5), (3.81), Lemma 3.3 and the bounds
|1Prll <1, |Juk|| <1, and ky > 1, we verify that

el = [1Pegr + PeGrru, + wy([lex ) T ul
< N Prgrll + PG| + wy (lex DI ugl
< 1 Pegell + 11Grnwll + suwy ([lew ) [u |
< 1 Prgell + saraller]l + muwy (llexl])
< ||Prgrll + 3| Pegell-

Similarly,
7kl = | Prgell = 1PeGrn, + wy (lel) I urll > [1Pagrll — 31| Prgall-

Thus ||7%|| = || Pegk||(1+ ay) for some |ay| < L. Substituting this relation in (3.84) and
using (3.83) and the symmetric and idempotent nature of the orthogonal projection
Py, we obtain that

(gk, PeGrn + wy (llex ) i un) 4 (Grng, i)
(1 + a)[[Prgrl 7]

1
T = mHPk!]l@” +

But the Cauchy-Schwarz inequality, (2.5), (3.1), Lemma 3.3, the bounds || P;|| < 1 and
Ky > 1 and (3.81) then ensure that

Ot < ol < 4P

and that

(i, PeGrn + wy (llex ) T ur) <tttk + Kawy ([leel]) 1 Pegll
(1 + o) || Prge | (1 + ar)l| Pege 12(1 + ay)
Hence we deduce that, for some (), € [—1, 1] and some (i, € [— %, &,
T = Tk | Pagil + Bl Prge| = T e g,

This in turn yields (3.82) because
o o 1+Ck1+fl;:ak6k €1, 1]

for all (ak, Br, Cr) € [=3, 3] X [=4, 8] X [+, ). O

The preceding result ensures the following simple but useful technical consequence.
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Lemma 3.25 Suppose that € > 0 is given and that
rariarallon] + K2 (lexl) < e (3.85)
Then, for any o > 1,
min [ 3| Pegill, &1 Prgll?] > 5ae implies that m > ae.
Proof. Assume first that (3.81) fails. We then obtain, using (3.85), that
bae < min [ 4] Prgell, &1 Prgrll®] < surcrallen] + mawy (leell) < e,

which is impossible because a > 1. Hence (3.81) must hold. In this case, we see, using
Lemma 3.24, that

175 = 30k || Prgrll > ¥ min [ 1| Pegll, &l Prgrll’] > sae > 1ae,
as desired. O

We now examine the consequences of the existence of a subsequence of consecutive f-
iterations where 7, is bounded away from zero.

Lemma 3.26 Suppose that there exvist ki € S and ko € S with ko > ki such that all
successful iterations between k1 and ko — 1 are f-iterations, i.e.

{k1,..., ke —1} NS C F, (3.86)
with the property that
wj>¢€ forall je{k,....,ka—1}NS (3.87)

for some € > 0. Assume furthermore that

2
Kshyc€
flon) = flan,) < HEZE (3.88)
Ra
Then 1
— < — — . 3.89
||ajk:1 Ty || = K5 K€ I:f(xkl) f(xkz)} ( )
Proof. Consider a successful iteration j in the range ki,...,ks — 1 and note that
the sequence {f (a:j)}f’ikl is monotonically decreasing. We then deduce from (2.22),
(3.87), and Lemma 3.3 that
t . T, . €
5]]0 Z Ry j 1111 |::lHi](;J”7A]:| Z Ko € 1IN111 |:K:G,A7:| .
Since j € S, we may use the previous bound, (2.35), and (2.31) to conclude that
G
flzj) = fzj4) > 7715£ > M1 KskKyc€e min L, A]} . (3.90)
G

But the bound (3.88) and the inequality f(z;) — f(z;11) < f(xr,) — f(zr,) yield

together that the minimum in the right-hand side of (3.90) must be achieved by the
second term. This in turn implies that

1
Ly <A< —— ) — .
5 = @all < By < me [ F(a) = Flapn)]
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where we have used (2.47) to derive the first inequality. Summing now over all success-
ful iterations from kq to ko — 1 and using the triangle inequality, we therefore obtain
that

ka1 ka1
1
ok, —2rall < Y Ny —2jpall € ——— >0 [flay) — flaja)]
. MRsRec€ . —
Jj=ki,j€8 j=k1,jES
and (3.89) follows. O

We now extend Lemma 3.17 by showing that the constraint violation goes to zero not
only along the subsequence for which the criticality 7 goes to zero, but actually along
the complete sequence of iterates.

Lemma 3.27 Suppose that |C N S| < +oo, that | S| = +oo, that no subsequence exists
such that (3.12) holds, and that wy is strictly increasing on [0,t,] for some t,, > 0. Then

li =0.
Jim fle ]
Proof. Let ko be the index of the last successful iteration in C (or -1 if there is

none). Thus all successful iterations beyond ko must be f-iterations. In this case, we
know that the sequence {f(zj)} is monotonically decreasing (by the mechanism of the
algorithm) and bounded below by fiow because of (3.2); it is thus convergent to some
limit fi > flow. Assume first that there exists a subsequence indexed by . C F NS
such that

llerll = o

for some ¢y > 0 and all k € K, with k& > kg. Because of (2.27) and the monotonicity
of w, we then deduce that

Tk > wi(€o)
for all k£ € K. with k > kg. On the other hand, Lemma 3.17 implies the existence of an

infinite subsequence K such that (3.5) and (3.7) both hold. We now choose an € > 0
small enough to ensure that

e < min [fwi(en),tw] and w; '(€) + te < Lep. (3.91)

(Note that the first part of the condition and our assumption on w; ensures that this

bounding function is invertible for all ¢ sufficiently small.) We next choose an index

k1 € K. large enough to ensure that k1 > k¢ and also that
771’%’%052 771"%’4%052

— < min
fkl f* >~ 2:‘<LG 5 4K/H

, (3.92)
which is possible since {f(x)} converges in a monotonically decreasing manner to f,.
We finally select ko to be the first index in K after k; such that

mj>e forall ki <j<ky,je8, and m, <e (3.93)

Because f(zy,) — f(zr,) < f(ar,) — fr and (3.92), we may then apply Lemma 3.26 to
the iterations ky and ks, and deduce that (3.89) holds, and therefore, using (3.88) we
obtain that

||xk71 - xsz < 4KJH.

Thus, using the vector-valued mean-value theorem, we then obtain that

Al J(xp, + tan, — ) (T8, — $k2)dtH

lew —cull < \

IN

max HJ(xk1 +t(‘rk2 - xlﬁ))“ ||xk1 - xkz”
te[0,1]

HH”xkl - 'T’kfz”

IN

IN

€.

Bl
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As a consequence, using the triangle inequality, the fact that wy(||ck,||) < mg, (since
ko € F), (3.93), and the second part of (3.91), we deduce that

€0 < llek, | < llersll + 2e < wp ™ (mry) + e < wy ' (€) + 1e < Leo

Nl=

which is a contradiction. Hence our initial assumption on the existence of the subse-
quence K. is impossible and ||¢x || must converge to zero, as required. ad

Our next result analyzes some technical consequences of the fact that there might be
an infinite number of c-iterations. In particular, it indicates that feasibility improves
linearly at c-iterations for sufficiently large k, and hence that these iterations must play a
diminishing role as k increases.

Lemma 3.28 Suppose that |CNS| = +oo and that no subsequence exists such that (3.12)
holds. Then both {0} and {0}***} converge linearly to zero along CNS , i.e. there exist
ko € (0,1) and kgm € (0,1) such that, for k € CNS sufficiently large,

Okt+1 < Kol (3.94)

and
0107 < kom0, (3.95)

Proof. We first note that (3.61) holds because of Lemma 3.19, which implies that
(3.13) also holds for k sufficiently large.

Now let k. be the index of the first iteration beyond which Fae||J) ckl| < Kae for
k > k., which is well-defined because of (3.61). Lemma 3.9, (3.61) and (3.13) then
imply that, for k € C\ S, k > k. sufficiently large,

Af > min [Kaca sl ckll]] = Kacahis|lcrl]-

Observe also that Af, is maintained above Fa.. JchkH > Kacelsllck| at successful f-
iterations because of (2.37) and (3.13) for k large enough. The ratio of Af to ||cx also
does not decrease at successful c-iterations, because then Af | > Af and |cpy1] <
llex||. Moreover, Af, and ||cx || do not change at unsuccessful f-iterations or y-iterations.
Hence we deduce that

A§ >y min [Kace, Kaez) Kallck| (3.96)
for all k > k. sufficiently large.

If now restrict our attention to k € CNS C A (the last inclusion being guaranteed by
part (ii) of Lemma 3.5), we obtain by using (2.39), (2.4), and (3.3) that

N T el e
ak- 9k+1 > anCI)HnC|‘Jk Ck” min 52 7Ak . (397)

H

Combining (3.96), (3.97), (3.13) and (2.1), we then obtain that for k € CNS sufficiently
large,

! 2
Ok — Ok+1 = 211 Kenfine MIN | —5, V1K ace, V1K aca | Ky 0k-
H

Thus (3.94) holds for k € C NS sufficiently large, with

f . 1
Ko © 1 — 201Kk min [#mmmvmm} Ky € (0,1),
H
this last inclusion following from the definition of the various constants and particularly

Fne < 1.
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We now observe that §]"** is decreased in (2.41) at every successful c-iteration, yielding
that, for £ € C NS large enough,

Orss = max [ruadP™, 0(wx) — (1 — o) (6(ax) — (7))
max [litxlﬁ,rcnax, O(xr) — (1 — Koo) (1 — Iia)a(iﬁkﬂ

max(Kyq, 1 — (1 — ko) (1 — Ky ) |07

IA A

kom0 ™,

where we have used (3.94) and Lemma 2.2 to deduce the last inequalities, and where

we have defined kg, def max|Kea, 1 — (1 — k) (1 — Kixa)] € (0,1). This yields (3.95) and
concludes the proof. O

The penultimate step in our convergence analysis is to show that the variation in the
objective function along the subsequence of c-iterations is bounded.

Lemma 3.29 Suppose that |CNS| = +oo and that no subsequence exists such that (3.12)
holds. Then

S 1 f@k) = f@re) | < +o0 (3.98)
keC
and
> skl < +oc. (3.99)
keCnS

Proof. Consider £ € CNS and remember that Lemma 3.4 ensures that (3.14) holds
for such a k. Using this property, the triangle inequality, (2.5) and (2.1), we verify that

cull = (1 + Kes)ka/205. (3.100)

Choose now kg large enough to ensure that (3.95) holds in Lemma 3.28 for all k > k.
Then (3.100) yields that

skl < llnll + lltell < (1 + Kes)lnell < (14 Fes) s

ST llskll £ (Otres)maV2 Y Vo
kECNS, k>ko kECNS, k> ko
< (1 + l‘ics)/‘?n\/5 Z vV 9}?3’(
keCnS, k> ko (3.101)
_ |/ 20m

R N

where we used (2.46) to deduce the second inequality, and the convergence of the
geometric series implied by (3.95) and the monotonicity of the sequence {6;"**} to
deduce the third. This yields (3.99). As a consequence, we obtain that there is a
k1 > ko such that ||sg]| < 2 for all k& > k;. Using now the mean-value theorem, we
deduce that, for ke CNS, k > kq,

| f(zk) = f(@ht1) | | gk, sk) + 2(5ks Vaa f(Er)Sk) |

Fl| sk || 4 4|5 12 (3.102)

265 sk

<
<

for some &; € [z;,x;41), and where we have used the Cauchy-Schwarz inequality, (3.1),
and the bound ||sg|| < 2. The bound (3.102), the inequality k1 > ko and (3.101) then
together yield that

Z | f(zr) — f(xps1) | < 26n Z lIsk]l < 2(1+HCS)KHHHHCk°”. (3.103)

1—+k
kECNS, k>k: kECNS K>k om
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Note that this bound remains valid if |C N S| < 400 since the sum on the left-hand
side is empty in that case. The desired conclusion immediately follows from the fact
that xp = xp1q for k€ C\ S. O

We finally strengthen the convergence results obtained in Theorem 3.22 by avoiding taking
limits along subsequences.

Theorem 3.30 Suppose that wy is strictly increasing in [0,t,] for some t, > 0. Then,
we have that, either there exists a subsequence indexed by Z such that (3.12) holds, or

ekl =0 and | Prgill = 0, (3.104)

lim lim
k—o00 k—o00

and all limit points of the sequence {xy} (if any) are first-order critical.
Proof. Assume that no subsequence exists such that (3.12) holds. If there are
only finitely many successful iterations, the desired conclusion directly follows from
Lemma 3.12. Assume therefore that |S| = +oo. If |CNS| = oo, then the first limit in
(3.104) follows from Theorem 3.22. On the other hand, if |C N S| < oo, then the first

limit in (3.104) follows from Lemma 3.27. Thus we only need to prove the second limit
in (3.104) when there are infinitely many successful iterations.

To derive a contradiction, we assume that there exists an infinite subsequence indexed
by K such that for some € € (0, 1)

min [ 3| Pegill, &1 Pegrl?] > 10  forall ke K. (3.105)
Now choose k; € K large enough to ensure that, for all k > kq, (3.85) holds,
lexll < ke, (3.106)

and
willlex]) < ze. (3.107)

If |[C NS | = 400, we also require that the conclusions of Lemma 3.28 apply for all &
sufficiently large, and so that

o0

€
Isjll < ——— (3.108)
j:kl,;ms ’ Ky (kp + 1)
and

o 2

Kskio€
Yo @) = fla)] < 2"125701 (3.109)

j=k1,j€CNS ki (ke + 1)

which is possible because of Lemma 3.29. Conversely, if |C N S| < +oo0, we require
that kq is larger than the index of the last successful c-iteration (in which case (3.108)
and (3.109) also hold since the sums on the left-hand sides are empty). Observe that,
because of (3.85) and Lemma 3.25 (with o = 2), (3.105) implies that

T, > 2€ > 0. (3.110)

We now choose ks to be the (first) successful iteration after &y such that
Ty < €, (3.111)

which we know must exist because of Theorem 3.22. Note that this last inequality,
(3.85) and Lemma 3.25 (with ov = 1) then give that

min [ 4| Py i, [, 4511 Pea g, 1] < 5e. (3.112)
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Our choice of k1 and ko also yields that
T >e for kq <ji< ko. (3.113)

We now observe that the objective function is decreased at every successful f-iteration
and the total decrease, from iteration ky on, cannot exceed the maximum value of f(zy)
for k > ki minus the lower bound fiow specified by (3.2). Moreover the maximum of
f(zy) for k > kq cannot itself exceed f(xg,) augmented by the total increase occurring
at all c-iterations beyond ki, which is given by (3.109). As a consequence, we may
conclude that

Mool = flap) | = > [f@) = fla) ]+ D [fa) = flai)]
j=k1,jES j=k1,jEFNS j=k1,jECNS

2 2
< MRsKec€ MRKsKRic€
= |:f(l.k1) + 2/{31(519 + 1) flOW + 25%(:“61: ¥ 1)7

which in turn implies that

Y. @) = flajn) [ <+oo and MmN | f(x5) = flajen) | =0.
j=0,j€S * j=tjes

Because of this last limit, we may therefore possibly increase k1 € K (and ks accord-
ingly) to ensure that

o3} 2 2
. hkskic€ ThKkskic€
§ ) — €T < min R 3.114
j=k1,5€S | 723 = Flag) | < { 2kc 263 (ke + 1)} ( )

in addition to (3.85), (3.106), (3.107), as well as the conclusions of Lemma 3.28, (3.108)
and (3.109).

Consider now a range of consecutive successful f-iterations (i.e. a range containing at
least one successful f-iteration and no successful c-iteration), indexed by {kq, ..., ky—1}
lying between k; and ko. Observe that (3.114) gives that

2
MksKic€
26q

f(zr,) = flzg,) <

Then, using Lemma 3.26 (which is applicable because of (3.113) and this last bound),
we deduce that

2k, = || < Frrmmiae L (@k,) — F@n,)]-

We now sum on all disjoint sequences {kq, ..., ks ¢}y_; of this type between k; and
ko — 1 (if any), and find that
ka—1 P 1 P
Z Hﬁj_ﬁjJrlH = Z kaa,[_xkb,l/,” < e Z I:f(xka,‘lf)_f(xkb,k)} . (3115)
j=k1,jEFNS =1 kst =

We now decompose this last sum and obtain, using (3.109) and (3.114), that

Yol @re) = flan)] < Y [fl@) = flag)]
=1 j=ki,jEFNS
= > [f@) = flaip)] = >0 [fly) = )]
j=k1,j€S j=ki1,jECNS
<N @) = fa)l+ Y ) = fla)]
j=k1,J€S j=ki,jECNS

< ?le‘%l‘ﬁcfZ
= Ki(kp +1)
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Substituting this inequality in (3.115), we obtain that

ko—1

€
Yool € 5 ——
ineres (e + 1)

and thus, using the triangle inequality and (3.108), that

ko—1 ko—1 9%
Hmkl —kuH < Z ||‘rJ _ijrl” + Z ||xj _xj+1|| < W (3116)
j=k1,jECNS j=k1,jEFNS Fu(Fe

We now return to considering the sizes of the projected gradients at iterations k; and
ko. We know from the triangle inequality that

||Pklgk1H - ”szgkz” < ||Pk1gk1 _szgkzn
< ||(Pk51 - Pk2)9k1 H + ||Pk2(gk’1 - gk’2)||
< ||Pk71 - sz” ||gk1|| + ||szH ||gk1 - gk2||'

In view of (3.106), we may now apply Lemma 3.23 and, recalling that the norm of an
orthogonal projection is bounded above by one, deduce that

||Pklgk71H - ||Pk2.gk2|| < ’%PKH”‘rkl - xk2|| + ||gk1 - gkl”’ (3117)

where we have used (3.1) to bound || gk, ||. But the vector-valued mean-value theorem
ensures that

1
g — gl < \ [ Ve + o, = ) o, — xk2>dt\\
0
< max ||vzxf(mk1 +t(x/€2 - xkl))” kal - xsz
te[0,1]
S ‘%H”‘Tkl - xkz”:

where we also used (3.1). Substituting this last inequality in (3.117) and using (3.116),
we finally obtain that

2¢
1P, g | = 1Pz ga | < #n(me + Dllen, — 2ol < —. (3.118)

H
Observe now that the inequality € < L and (3.112) imply together that
| Proy giy || <106 <2 o1 || Prygr, ||> < 60e < 12 < 16,

which in turn implies that

[ P, g, || < 4 (3.119)
and thus that
min [ 31| Py iy ||, 511 Pra 9o 1] = 1511 Pra g 1 (3.120)
Suppose now that
| Py g, || < 6, (3.121)

in which case
win [ 31| Pr, gk, I, 2 1 Pry 90 2] = & 11Pry i 1> (3.122)
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Then, successively using (3.105), (3.112), (3.122), (3.120), the bound of one on the
norm of orthogonal projections, (3.1) and (3.118), we conclude that

be < min [ 4] Ph,gry[l; 25 | Prygi, [I°] — min [ 41| Pey g |1, 25 [ P 9o 1]
= [ 1PeagrI” = 1 Peagis 7]

2 [1Pey ks |+ 11 Pry i | [ 11Pe 9 | = 1 Pry s |||

IN

a6 [ 1Pe, g || = 1 Pea g |

< €

Wl

which is impossible. Hence (3.121) must be false. Combining now this observation
with (3.118) and (3.119), we obtain that

2e
2 < |Peyges | = 1 Pragiall < —,
Ry

which is again impossible because kg > 1 > €. Hence our assumption (3.105) is itself
impossible and the second limit of (3.104) must hold. O

3.4 Comments

We end our theoretical developments at this point, but the theory and results presented
so far suggest some comments.

1. Although different from filter methods and penalty-type methods, the proposed al-
gorithm unsurprisingly shares some of the main broad concepts used by these tech-
niques to ensure global convergence.

One can view the pair (6(xy), f(zx)) as some kind of temporary filter entry: an f-
iteration from xj needs not improve on feasibility, but should then result in progress
on the objective function minimization, while, by contrast, a c-iteration allows the
objective function to increase, but produces a significant decrease in infeasibility.
This is very similar to what happens in filter methods, except that the filter entry is
then remembered in the filter. By contrast, the pair is not stored in the trust-funnel
method, but memory is instead provided by the decreasing nature of the sequence
{0}, Note that a similar mechanism is also included is some filter methods (see
for Fletcher and Leyffer, 2002 for instance). It is also interesting to note that we
have proved that every limit point of the sequence of iterates must be first-order
critical, a result which has not been established for filter algorithms.

The trust-funnel method is also related to penalty approaches, in that the decreas-
ing bound ¢;'** may possibly be interpreted as the effect of an increasing penalty
parameter in this context. In this interpretation, the need to explicitly manage the
parameter in the course of a penalty-based algorithm (which can be viewed as an
indirect control on acceptable infeasibility) is replaced here by a more direct version
of this control.

2. Assumption (3.2) is not really crucial in the sense that one may apply c-iterations (by
temporarily setting f = 0 and keeping g = 0) a priori (hence reducing infeasibility)
to reduce the domain. If a global lower bound on the objective function value on the
feasible domain is known, a comparison of the infeasibility and objective function
value at the starting point may be useful to decide whether pure c-iterations should
be applied first, or if the complete algorithm can be applied directly from the starting
point.
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3. When the Jacobian Jj, is of full-rank, we can rewrite the test (2.14) in the form

1k (gx + Ty | < wy(flexl)),
which provides an implementable version of (2.14).

4. Convergence of trust-region methods for unconstrained optimization may be ob-
tained as a by-product of the results presented here. Indeed, if there are no con-
straints, the algorithm reduces to the basic trust-region method by setting 0§'** =
Kea, and, for every k, ny = 0, yr, = 0, Jx = 0, 7 = gi. Since 7 = ||gx||, we have that
7 > wt(0) = 0 and a non-zero ty is always computed. Moreover, every iteration is
then an f-iteration with 5,’: = (5}:’t at which we choose, as allowed by (2.37), not to

update the (irrelevant) A¢.

5. Obviously, one could use G, = Hj, and still obtain global convergence. The vector
yr then becomes irrelevant. This is particularly apt when the constraints are linear.

6. The tangential step is only required to satisfy the modified Cauchy condition (2.22),
but there is no theoretical need to compute the associated modified Cauchy point
(the solution of (2.19)). If one considers that ¢ results from an iterative process
starting (and possibly ending) at this modified Cauchy point, it is then necessary
to ensure that this point satisfies either (2.26) or (2.23)-(2.24)-(2.25). A possible
technique is to first solve (2.18) accurately enough to ensure that

||C;€ + Jk(nk — Tkrk)Hz < fe“@,?“, (3.123)

which is possible since it holds trivially if (2.18) is solved exactly, because then
Jiry = 0 by construction and ¥, < |lcx + Jxngl|®>. As soon as (3.123) holds, then
the modified Cauchy point can be computed and (2.23) and (2.24) tested. If any of
these fail, then the solution of (2.18) must be continued to ensure that

ek + Ji(ng — 7)) |2 < O

and a new, improved, modified Cauchy point can then be found along —rj at which
(2.26) holds.

7. Tt is interesting to observe that the conditions (2.25) or (2.26) happen to be irrelevant
for successful f-iterations in the theory discussed above. For such iterations, the role
of limiting the acceptable infeasibility is played by (2.33).

In a situation where evaluating the value of the infeasibility measure 6 is cheap and
the tangential step is computed by an iterative process, it may be possible to detect
that (2.31) holds before the end of this process, and then simply replace conditions
(2.25)/(2.26) by the verification that (2.33) holds. Of course, if (2.35) then fails or
if (2.33) cannot be enforced, then the iteration has to be handled as an unsuccessful
c-iteration, since we can no longer turn it into a successful c-iteration for which
(2.25)/(2.26) is meaningful.

8. Preliminary numerical experience has shown that our algorithm, like many SQP
methods, might suffer from the Maratos effect. A well documented cure for this
problem (see Mayne and Polak, 1982, Coleman and Conn, 1982, or Section 15.3.2
of Conn et al., 2000) is to use second-order correction steps. In our context, we
define such a step s as a step performed from xj, + 55, to correct for an unsuccessful
f-iteration, and such that

sk + si|l < Ag (3.124)

and
Q(Ik + sk + Sz) < g (3.125)
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Of course, for the f-iteration using the augmented step sj, + sj, to be successful , we
still require, extending (2.35), that

o def f(xr) — f@k + sk + sp)
P my(xr) — mi (T + k) = (3.126)

Using the comment just made on the irrelevant nature of (2.25) or (2.26) for suc-
cessful f-iterations, we may now verify that the convergence theory presented above
is not modified by the presence of these correction steps. Indeed, a successful iter-
ation using the augmented step satisfies all the conditions required for a successful
f-iteration where my(x + si) is then interpreted, in the spirit of Section 10.4.2 in
Conn et al. (2000), as a prediction of f(zx + sk + s5) and where the infeasibility-
limiting condition (2.33) is replaced by (3.125).

In practice, a second-order correction is often computed by producing a step si that
reduces infeasibility, typically by “projecting” the trial point lying in or close to the
nullspace of J(zy) onto the actual feasible set. In this case, s§ not only improves
feasibility (ensuring (3.125)), but often makes my(zx + si) to be a better prediction
of the value of f(zy + sk + s;) than of f(zx + sx) (which tends to make the iteration
acceptable in (3.126)). Because ||s{| is then of the order of ||sy||?, condition (3.124)
usually follows from (2.47).

9. The first term in the maximum of (2.37) is only necessary to prove the “true limit”
convergence result of Theorem 3.30, and, in this proof, only in the limit when [|cg]|
converges to zero and ||cxy1|| > ||ck||. Relaxed forms of (2.37) are therefore possible
without affecting the theory developed above. It is also possible, in this update,
to replace ra.. by the line coordinate of the Cauchy step vy, ; along the direction
—JE 1 1Ck+1, since this quantity is bounded below by sy 2. This strategy essentially
amounts to choosing Aj |, large enough to allow the full Cauchy step at iteration
k+ 1, which can be useful if |[cg41] > |lex]-

10. The authors anticipate that the convergence rate for the new method is essentially
that which is known for composite step SQP methods (i.e., Q-superlinear or, under
stronger assumptions, Q-quadratic). It seems most likely that either a second-order
correction or a non-monotone acceptance rule will be required to obtain these results.
The verification of this intuition is left for a future report.

The authors are well aware that many theoretical questions remain open at this stage of
analysis, such as convergence to second-order critical points, rate of convergence, inequality
constraints and worst-case complexity analysis. Furthermore, the many degrees of freedom
in the algorithm provide considerable room for implementation tuning.

4 Conclusion and perspectives

We have presented a new SQP algorithm for the solution of the equality constrained
nonlinear programming problem, that avoids the use of penalty parameters and that allows
for inexact step computations. Convergence to first-order critical point has been proved.

A first line of work is the inclusion of a multi-dimensional filter mechanism (see Gould,
Leyffer and Toint, 2005) in the algorithm, with the objective to make the constraint
on decreasing infeasibility more flexible. Other non-monotone techniques, such as only
requiring a decrease from the worst infeasibility over some past iterations could also be
investigated. A second interesting development is the inclusion of bound or more general
inequalities in the present framework. A third line of development is the design of a
linesearch variant of the new method, possibly following ideas in Section 10 of Conn et al.
(2000). On a more practical level, extensive numerical testing of the ideas presented here
is necessary. These tests are ongoing, and preliminary results are encouraging.
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